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1. Introduction 

Let (M, g) be a (3+l)-diniensional vacuum globally hyperbolic space-time, i.e. 
g is a Lorentz metric of signature (— , +, +, +) satisfying the Einstein vacuum equa- 
tions 

Ric(g) = 

and every causal curve intersects a Cauchy surface at precisely one point. If (M, g) 
has a compact, constant mean curvature (CMC) Cauchy surface Sq with mean 
curvature to < 0, then there exists a foliation of a neighborhood of Sq by compact 
CMC surfaces, and the mean curvature varies monotonically from slice to slice. 
The CMC conjecture states that there is a foliation in M of CMC Cauchy surfaces 
with mean curvatures taking on all allowable values, i.e. the mean curvatures take 
all values in (— oo, 0) if Eq is of Yamabe type —1 or 0, while the mean curvatures 
take on all values in (—00,00) if Sq is of Yamabe type Certain progress has 
been made ([3]), the CMC conjecture however remains open. One of the important 
step to attack the CMC conjecture is to provide a reasonable breakdown criterion 
to detect what may happen when the CMC foliation can not be extended. 

In order to set up the framework, in this paper we assume that is a part 
of the space-time (M, g) foliated by CMC hypersurfaces St with mean curvature 
t satisfying to < i < i* for some to < < 0. We shall refer to Sq := T,tg as the 
initial slice. Thus, = Ut6[to t ) with < and there is a time function t 
defined on A^*, monotonically increasing toward the future, such that each Sf is a 
level hypersurface of t with the lapse function n and the second fundamental form 
k defined by 

n (-g(Dt, Dt))^/^ and k{X, Y) := -g(DxT, Y), 

where T denotes the future directed unit normal to St, D denotes the space-time 
covariant differentiation associated with g, and X, Y are vector fields tangent to 
Sj. Let g be the induced Riemannian metric on Sj and let V be the corresponding 
covariant differentiation. For any coordinate chart O C Sq with coordinates x — 
(x^, x^, x'^), let x° = t, ^ be the transported coordinates on [to:^*) x ^ 

obtained by following the integral curves of T. Under these coordinates the metric 
g takes the form 

(1.1) g = -r?dt^ + gijdx^dx^. 
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Moreover, relative to these coordinates t,x^,x'^,x^ there hold the evolution equa- 
tions 

(1.2) dtgtj = -2nfc,y, 

(1.3) 5t% = -V.V^n + n(% + Trfc % - 2fc,afcp 
and the constraint equations 

(1.4) R~\kf + {TTkf = 0, 

(1.5) V^kji ~ V,Tr/c ^ 

on each St, where Rtj and i? denote the Ricci curvature and the scalar curvature 
of the induced metric g on St, and Trfc denotes the trace of k, i.e. Trfc = g^^kij. 
Since Tvk = t on St, it follows from the above equations that 

(1.6) divfc = 
and 

(1.7) -An+\k\'^n=l 
on each St. 

The first important breakdown criterion was given by M. Anderson in [2], who 
showed that when a breakdown occurs at there holds 

limsup ||R||Loc(St) = oo, 

where R denotes the Riemannian curvature tensor of the space-time (M, g). Here 
the pointwise norm |R| is defined with respect to the Riemannian metric gx on M, 
where grp is defined as follows: for any X,Y ^ TM.^, write 

X^X^T + X and Y = Y^T + Y_ 

with e rSt, then 

gT(x,y)-xoyo + 5(x,r). 

The result of Anderson implies that if 

(1-8) sup ||R||loo(s,) = Ao < oo 

t6[to,t.) 

for all < 0, then the CMC foliation exists for all values in [^Oi 0). 

Recently, Klainerman and Rodnianski [12 provided a new breakdown criterion 
which shows that if a breakdown happens at < then 

limsup (||fc||Loo(s,) + ||Vlogn||i^(so) = 

or, in other words, the CMC foliation can be extended beyond any value < for 
which 

(1.9) sup (|!fc||Loc(s,) + ||Vlogn||Loo(s,)) = Ao < oo. 

te[to,t.) 

In contrast to the breakdown criterion of Anderson, the condition (|1.9p of Klainer- 
man and Rodnianski is formally weaker as it refers only to the second fundamental 
form k and the lapse function n which requires one degree less of differentiability. 
Moreover, by purely elliptic estimates, one can see that (jl.Sp implies immediately 
(|1.9p . since the boundedness of ||R||loo exhausts all the dynamical degrees of free- 
dom of the equations. Therefore, the result in [12] is a significant improvement. 
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We remark that the result of Klainerman and Rodnianski can not be established 
by purely elliptic estimates. Instead, the proof relies heavily on the tools from 
the theory of hyperbolic equations. The analogous result has been extended to 
non- vacuum space-time in |15) . 

If we consider the Einstein equation expressed relative to the wave coordinates, 
by energy estimates one can see that the breakdown does not occur unless 

(1.10) / * ||9g||L~dt = oo. 

This condition however is not geometric since it depends on the choice of a full 
coordinate system. Observe that the components of the second fundamental form 
k and Vn can be viewed as part of the components of 9g. It is natural to ask if we 
have an integral form of breakdown criterion involving k and n only. The first main 
result of the present paper confirms this and provides a geometric counterpart of 
(|1.10p . which can be viewed as an improved version of the breakdown criterion of 
Klainerman and Rodnianski. 

Theorem 1.1 (Main theorem I). Let (A^*, g) be a globally hyperbolic development 
of TiQ foliated by the CMC level hypersurfaces of a time function t < 0. Then the 
space-time together with the foliation Et can be extended beyond any value < 
for which, 

(1.11) / (||fc|Uoo(s,) + ||Vlog7i||ioc(s,))d< = /Co<oo. 

Jto 

Let us fix the convention for the deformation tensor of T, expressed relative to 
an orthonormal frame {eo = T, ei, 62, 63}, as follows, 

TTa/? = -g(De<,T,e,3), with = 0, 1,2,3. 

It is easy to check 

TToo = 0, TToi = -Vi logn, TTio = 0, TTy = %, with i, j = 1, 2, 3. 
Consequently, the condition (|1.9[) can be formulated as 

sup ||7r||i^(Sj) = Ao < 00, 

while the weaker condition (jl.lip can be formulated as 

(Al) hhlL^iM,)-^ ||7r||ioo(s,)dt /Co < 00. 

Jto 

We basically follow the framework in [12] to prove Theorem 11.11 however, a 
sequence of difficulties occur due to the weaker condition (jl.lip . In order to continue 
the foliation, according to the local existence theorem given in [51 Theorem 10.2.1], 
one must establish a global uniform bound for the curvature tensor R and L^- 
bounds for its first two covariant derivatives. Since (M, g) is a vacuum space-time, 
by virtue of the Bianchi identity R verifies a wave equation of the form 

(1.12) □gR = R*R, 

where □ denotes the covariant wave operator □ = D"Dq. Based on higher energy 
estimates it is standard to show that the bounds for DR and D^R can be 



Our method applies equally well to the case that St are asymptotically flat and maximal, i.e 
Trfc = and can also be extended to Einstein space-time with matter. 
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bounded in terms of the L°° norm of R. Thus, the derivation of the bound of 
R is a crucial step. In order to achieve this goal, Klainerman and Rodnianski [10] 
succeeded in representing R(p), for each p e by a Kirchoff-Sobolev formula of 
the form 

R(p) ~ A • (R * R) + other terms 

where A is a 4-covariant tensor defined as a solution of a transport equation along 
TV" (p, r) with appropriate initial data at the vertex p, {p, t) denotes the portion 
of the null boundary Af~ {p) in the time interval [t{p) — T,t{p)]. The past null cone 
J\f~{p) is in general an achronal Lipschitz hypersurface ruled by the set of past 
null geodesies from p. In order to derive all necessary estimates, one must show 
that Af~{p) remains a smooth hypersurface in the time slab [t{p) — t, t{p)) for some 
universal constant t > 0. Therefore, it is necessary to provide a uniform lower 
bound for the past null radius of injectivity at all p G 

Let us recall briefly the definition of the past null radius of injectivity at p, one 
may consult [11] for more details. We parametrize the set of past null vectors in 
TpM in terms of a; S the standard sphere in M.^ . Then, for each cj G let 
luj be the null vector in TpM normalized with respect to the future, unit, time-like 
vector Tp by 

g(Z„,Tp) = l 

and let T^{s) be the past null geodesic with initial data Ti^{Q) — p and j^^uiiQ) — 
We define the null vector field L on Af^ (p) by 

which may only be smooth almost everywhere on Af~ (p) and can be multi- valued 
on a set of exceptional points. We can choose the parameter s with s{p) so 
that 

BlL^O and L{s) = 1. 

This s is called the affine parameter. 

The past null radius of injectivity at p is then defined to be the supremum 
over all the values sq > for which the exponential map 

0p : {s,uj) r^(s) 

is a global diffeomorphism from (0, so) x §^ to its image in Af~{p). It is known that 
i*(p) > for each p, Af~{p) is smooth within the null radius of injectivity, and 

= min{s,(p), 

where s*(p), the past null radius of conjugacy at p, is defined to be the supremum 
over all values sq > such that the exponential map Qp is a local diffeomorphism 
from (0, So) x to its image in J\f~{p), and l*{p), the past cut locus radius at 
p, is defined to be the smallest value of so for which there exist two distinct null 
geodesies Fi and T2 from p with ri(so) = r2(so). Thus, for a past null geodesic 
from p, a point q = r^(s,) is called a conjugate point of p if Qp is singular at 
(s*,a;), while it is called a null cut point of p if Qp is nonsingular at (s,,cli) and 
through q there exists another null geodesic emanating from p. 

Since we are working on the CMC foliation, it is convenient to introduce the past 
null radius of injectivity i*{p,t) at each p with respect to the global time function 
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t. We define i*{p,t) to be the supremum over all the values t > for which the 
exponential map 

(1.13) gp:{t,Lu)^TUs{t)) 

is a global diffeomorphism from {t{p) — T,t{p)) x §^ to its image in M~{p). We 
remark that s is a function not only depending on t but also on w, we suppress lo 
just for convenience. It is known that 

i*{p,t) ^ mm{s^{p,t),U{p,t)}, 

where s* {p, t) is defined to be the supremum over all values r > such that the 
map Qp is a local diffeomorphism from {t{p) ~ r, x §^ to its image, and t) 
is defined to be the smallest value of r > for which there exist two distinct null 
geodesies ri(s(t)) and Yi{s(t)) from p which intersect at a point with t — t{p) — r. 

In 111] Klainerman and Rodnianski provided a uniform lower bound on the null 
radius of injectivity under the assumption (ll.9p . In order to complete the proof 
of Theorem II. 1[ one must provide a uniform lower bound on the null radius of 
injectivity under the weaker condition This is contained in the second main 

result of the present paper. 

Theorem 1.2 (Main theorem II). Assume that is a globally hyperbolic devel- 
opment o/ So verifying the condition hi. 11]) . Then for all p £ A^, there holds 

(1.14) i*{p,t) > mm{S^,t{p) - to}, 

where (5* > is a constant depending only on Qq, ICq, |Eo| o,nd t^. 

In order to prove this result, it is useful to review the essential steps in the work 
of Klainerman and Rodnianski in 1111 . The first step is to show that 

(1.15) Sf{p,t) > mm{h {p,t),Sf} 

for some universal constanlQ (5* > 0. This can be achieved by showing that 

2 

trx 



(1.16) sup 

A^-(p,t) 



sit) 



< C 



with T := min{/^,(p, i), 5^}, where x is the null second fundamental form xab = 
g(D^L,eB) of the 2-dimensional space-like surface 5*4 := A/'~(p)nEt with {eA)A=i,2 
being a frame field tangent to St . The analog has been carried out in [71 151 IHl [13] 
for geodesic foliations under the boundedness assumption of the curvature flux. In 
order to adapt those arguments to prove p.l6p for the time foliations, one needs to 
show that t{p) — t and s are comparable and the geodesic curvature flux (see [IT] ) 
is bounded, both of which rely on the relation 

(1.17) |a-l|<^ onA/-(p,r), 

where a, the null lapse function, is defined by a^^ := g(T,i) with a{p) = 1. Note 
that along a null geodesic 

dt , s^-] da 

— = -[an) , -r^v, v -.^ k^N -y N^ogn, 
ds ds 



^Qo denotes the Bcl-Robinson energy on the initial shce Sq which will be defined in Section 2. 

■^A universal constant always means a constant depending only on Qq, JCq, |So|, t* and the 
number Iq > such that Iq^ < {Oij) ^ lo on the initial slice Sq. Throughout this paper C always 
denotes a universal constant. 
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where N is the unit inward normal of St in Et . If (|1.9|) is satisfied, one can see that 
()1.17|) holds for — (5* < < < t{p) for some universal > 0, and consequently 
s and t{p) — t are comparable. However, under the weaker condition (|l.lll) only, 
it is highly nontrivial to obtain (|1.17p . We observe that (11.17^ can be achieved by 
establishing 

(1.18) ll^llis=L?(AA-(p,.)) = sup / an\y\^dt<C 

where is the portion of a past null geodesic initiating from p contained in 
J\f^{p,T), for some universal constant S,, > 0. How to obtain such an estimate 
on h' is the first difficulty we encounter. The idea to derive the trace estimate 
(jl.l8|) is to employ the techniques in the proof of the sharp trace inequality in 
[Zl m |9]. Under the assumption (|1.11|) only, suppose the sharp trace inequality 
holds true on null cone in time foliation, in order to prove ()1.18p . schematically, we 
need to prove 

i) there holds for the decomposition 

(1.19) ^t^^ViP + O 

with P and Q appropriate St tangent tensors. 

ii) there holds 

(1.20) \\f{^,P)\\LH^~ip,r)) + \\'^L{l^.P)\\LH^-ip,r)) < C. 

The decomposition of the form (|1.19|) will be derived in [14] . To prove the sharp 
trace inequality in time foliation and to control P and Q must be coupled with 
the proof of a series of estimates for the Ricci coefficients on null hypersurface 
M~{p,t) including (|1.16p by a delicate bootstrap argument. Hence, under the 
condition (jl.lip only, (jl.l6p . (|1.17l) and (I1.18|) should be proved simultaneously. 
The proof is rather involved and close to the spirit of the works [71 [HI [HI US . We 
will present it in [14^ with full details. 

Now we simply consider how to obtain the estimate for v in (|1.20p . The estimate 
for Vat log n of the form (|1.20p can be obtained by elliptic estimates and trace 
inequality. By elliptic estimate, in view of 

(1.21) div /c = 0, curU- = i/, 

where H denotes the magnetic part of R, we can only derive 5: Cj which, 

by classic trace theorem, loses 1/2 derivative if restricted to null cone. However, 
(|1.20p requires the control of one derivative of Unn on null cones. Hence, we 
must adopt a different approach, which significantly surpasses the one via elliptic 
estimate and trace inequality. This inspires us to use the tensorial wave equation 
for fc, which symbolically is given by 

(1.22) Uk^k- Ric + n^'^V'^h + tt . VA: - n^^hV^n + n ■ n ■ n + k ■ V^n - n^^k. 
We then prove by energy method, the fc-flux satisfies 

(1.23) \\fk\\L-2{Ar-(p,T)) + ||VLfc||L2(Ar-(p,r)) < C, 

which schematically gives the desired control on fcjvAr. 

The next step is to find a system of good local space-time coordinates under 
which g is comparable with the Minkowski metric. More precisely, for a sufficiently 
small constant e > 0, one needs to show that there exists a constant S^, > 0, 



denotes the connection with respect to the induced metric 7 on 5t. 
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depending only on e and some universal constants, for which each geodesic ball 
Bs,{p) with p S St admits local coordinates x = {x^,x'^,x^) such that under 
the corresponding transport coordinates x'^ = t,x^ ^x"^ ,x^ the metric g has the 
expression ((LT|) with 

(1.24) \n - n{p)\ < e and \g^j - 6ij\ < e 

on Bs,{p) X [t{p) — S^,t{p)]. The existence of such local coordinates together with 
(jl.l6p will enable us to show that M~ {p, (5*) is close to the flat cone and consequently 

l*{p,t) > S^:. 

The part on n in (|1.24|) can be established by elliptic estimates on n and dtn. The 
derivation of the result for g under the weaker condition (|1.11|) . however, presents 
one of the core difficulties, which invokes new methods and a second application of 
(fr22l) . 

By the Bel-Robinson energy bound Q{t) < C and a result of Anderson [T], 
one can control the lower bound of harmonic radius on E^, such that with the 
coordinates x = {x^,x'^,x^) on Bs,{p) C E(, 

\gij{x,t{p)) - Sij \ < ie. 

The challenge is to control time evolution of g. Using (|1.2|) . one hasH 

ftip) 

(1.25) \9.j{x,t{p))-9vix,t)\< \k{x,t')\dt'. 



If (|1.9p holds, or more generally, if 

\\Ht')\\l^ i^^,)dt' <Ao<cx 
for some q > 1, then with 5, sufficiently small 
(1.26) \g.,{x,tip))-g,,{x,t)\ < Ky\t{p)-tf-^''i < U 

The above argument fails if k verifies (jl.lip only. Under the assumption (|l.lip , 
our strategy is to prove directly the integral on the right of (|1.25l) can be small, i.e. 

ft(p) 



/ \k{x,t')\dt' < -e, Vx e E 
Jt 2 



by establishing 



rt(p) 

(1.27) sup / \k{x,t')\^dt' < C, 



Since 



Hp) ^ 



\g,,{x,t{p)) - g,,{x,t)\ < ^ \k{x,t')\^dt' j m-tf'^ < m-tf'^ 
which implies \gij{x,t{p)) — gij{x^t)\ < as long as 5* is appropriately chosen. 



'^We use <I>i < <I>2 to moan that $1 < C^2 for some universal constant C. 
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The major part of the present paper is therefore to estabhsh (|1.27|) under the 
weaker condition (jl.lip . To this end, we will use the KirchofF parametrix to repre- 
sent k as 

—4T:n{p)k{p) ■ J = / Ok ■ A + other terms, 

for any S < i^,{p,t), where J is any 2-covariant tensor at p tangent to 'St{p) and A 
is the S-tangent tensor defined by 



1 

Z t^t(p) 



DlA.j + -trxAy- = on TV (p,t), \iuy {t{p) - t) A,^ = J . 



It can be shown that ||rA||/^oc(j\/-- (p < I together with other estimates on A, 
where r — ^ (47r)~^|S't| and | St \ denotes the area of St ■ Thus 

n(p)|fc(p)| < / r^"^|nfc| + other terms. 

JM- {p,r) 

Next we let p move along an integral curve of T to get the representations of 
k at all points on this curve. Then we can reduce the proof of (|1.27p to showing 
that 

2 



*(p) 
t(p)- 



r-^\Uk\ 

AA-(r(t),t-t(p)+r) 



dt < 1. 



In view of (ll.22[) . we have to employ various estimates of k and n on the null cones, 
which will be established by delicate analysis. 

This paper is organized as follows. In Section [21 we collect some preliminary 
results related to the CMC foliation, which will be used frequently in the later 
sections. In Section |31 we establish various elliptic estimates on the lapse function 
n, in particular, we show that n can be bounded from below and above by positive 
universal constants. In Section |4j we provide the sketch of the proof of Theorem 
1.21 We will explain how to use the bootstrap argument to establish (|1.16|) and 
other related estimates on the null cones. We then show how to use the estimate 
(|1.27p to obtain a system of good local space-time coordinates which is crucial for 
completing the proof of Theorem 11.21 In order to establish (ll.27p . we derive a ten- 
sorial wave equation for k in Section [5] and provide the estimate for the so called 
A:- flux in Section [6] which will be defined later. In Section 7 we provide some trace 
estimates on the surfaces St- We then use these results in Section 8 to establish 
various estimates for fc, n and x on the null cones. In section 9 we adapt the 
Kirchoff-Sobolev formula in [10] to represent the second fundamental form k along 
the null cones, through which we give the proof of (|1.16|) under the condition (|l.lip 
and thus complete the proof of Theorem 1 1.21 Finally in Section 9 we complete the 
proof of Theorem 11.11 



Acknowledgement. The author would like to thank Professors Sergiu Klainer- 
man, Michael Anderson and Richard Schoen for their constant encouragement and 
support. The author would like to thank Qinian Jin and Arick Shao for interesting 
discussions. The author in particular would like to thank Qinian Jin for improving 
the exposition. 



IMPROVED BREAKDOWN CRITERION FOR, EINSTEIN VACUUM EQUATIONS 



9 



2. Preliminaries 

For the lapse function n, by using the elliptic equation —An + |fcpn = 1, it 
follows easily from the maximum principle that 

(2.1) jrrr^ <^<i onEt. 

Thus, if we knew that HfcHicxj^^t) is uniformly bounded with respect to t € [io,t*), 
then we could get a positive uniform lower bound on n. Unfortunately, we only 
have the weaker assumption (Al) on k, which does not allow (|2.ip to give a positive 
uniform lower bound on n directly. In the next section, we will show under the 
assumption (Al) that < n < C on M-j for some universal constant C > 0. 

For each slice Sj, we use to denote its volume. Then, by using dtgij = —2nkij 
and Trfc = i on we have 

This implies that |t|'^|S]t| is decreasing with respect to t. Consequently 

2.1. Bel-Robinson Energy. We start with a brief review of Bel-Robinson energy, 
one may consult [5 for more details. Associated to the Weyl tensor R, the Bel- 
Robinson tensor is the full symmetric, traceless tensor defined by 

(2.3) Q[R]q/3^5 = RqA7^R/3'^i5^ + *RqA7ai*R^'^i5''. 

Then Q[R](Jil, Y, X,Y) > whenever X, Y are timelike vectors, with equality only 
if R = 0. Let Pa Q[R]a/375T'^T''T''. Since R^^ = 0, a straightforward calcula- 
tion shows that 

(2.4) D"P„ = -'S7r"PQ[IlU^sT-'T^. 
If we introduce the Bel-Robinson energy Q{t) by 



(2.2) |I],|<^|E,J<^|E,J, \/to<t<U. 



Q{t) ~ ( Q[R](T,T,T,T)d/.s„ 



then, by integrating (|2.4p in a slab Mj = UtgjEf with J = [t^.t] C [to,^*), we 
obtain 

Q{t) = Q(to) - 3 / / nq,[Ii]ap^^^^Pd^l^^,dt'■ 

Jto J'Sft 

Let E and H denote the electric and magnetic parts of the curvature tensor R 
defined by 

(2.5) i?(X,r) =g(R(X,T)T,y), H{X,Y) = gi*niX,T)T,Y) 

with "^R the Hodge dual of R. It is well known that E and H are traceless symmetric 
2-tensors tangent to Et with 

\Tl\' ^\E\' + \Hf, 
\Q\<mE\' + \H\^) 



and 

2 , |tJ|2 



Q(T,T,T,T) = lEl-" + \H\ 
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Therefore 

Q{t) < Q(to) + 12 / ||n7r||ioo(s^,)Q(t')dt'. 

Jto 

By the Gronwall inequahty it follows that 

Qit) < Q(io)exp(^12^ ||n7r|Uoo(s,,)di'j 

for all t G [to,t*). Therefore, in view of the condition (Al) we obtain the uniform 
boundedness of the Bel-Robinson energy. 

Lemma 2.1. Under the condition (Al), there exists a constant C depending only 
on /Co and t^ such that 

Q{t) < CQl 

for all t e [io,i*), where Qq := Q{to). 

Consequently we have 

Lemma 2.2. Let the condition (Al) hold. Then on any CMC leafT,t C A4* there 
holds 

(2.6) (^|vfc|2 + i|fc|4^+£ \mc\'<Ql 

Proof. The inequality on k follows from [12, Proposition 8.4] and Lemma [2Tl The 
inequality on Ric then follows from the identity Rij — kiak"'-' + Trfc kij = Eij. □ 

2.2. Harmonic coordinates. For any coordinate chart O C Sq with local coor- 
dinates X = (x^, x^, x'^), we denote by = t, the transported coordinates 
on J X O obtained by transporting along the integral curves of T. The following is 
an immediate consequence of (Al) and (|1.2p . 

Proposition 1. Let the assumption (Al) hold. There exists a positive constant 
Co depending only on ICq such that, relative to the induced transported coordinates 
x'^ = t, x^ , x'^ , x^ in I X O we have 

(2.7) C^'ie <9^At,^)C^' <co\e- 

Proof. This is [T^l Proposition 2.4] which was stated under the stronger condition 
(|1.9p . the proof however requires only the weaker assumption (Al). □ 

This proposition enables us to derive a uniform lower bound on the volume radius 
for all the slices Et. Here, for a 3-dimensional Riemannian manifold {M,g), the 
volume radius r^oi{p, p) at a point p £ Al and scales < p is defined by 

Tvoi (P, P) = mf ^ — 

r<p r^ 

with \Br(j))\ the volume of Br{p) relative to metric g. The volume radius ryoi{M, p) 
of M on scales < p is the infimum of r^oi {p, p) over all p G M. Using Proposition [1] 
it has been show in [11] Proposition 4.4] that the volume radius ryoiC^t, 1) of each 
Et on scales < 1 verifies 

r^oii^t, 1) > Wo 

for some constant f o > depending only on ICq. 
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From the previous subsection we have aheady obtained, under (Al), that 

\\R^c\\l2^^,)<C and |I],|<|^|StJ. 

Therefore, Theorem 3.5 in [T] apphes and provides the following results on the 
existence of harmonic coordinates. 

Proposition 2. Let the assumption (Al) hold. For any e > 0, there exists rg > 
depending on e, Qo, /Co, |So| o,nd such that every geodesic ball Br(j)) C St with 
r < rQ admits a system of harmonic coordinates x — {x^ ,x'^ ,x^) under which 

(2.8) (1 + e)-^S,j < g,j < (1 + e)5,j 



(2.9) r Wg^J\'d^Jig<e. 

We will not use the full strength of this result. The crucial part in our applica- 
tions is the existence of a local coordinates x = (x^ , x'^ , x^) on each Brgip) C 
satisfying (|2.8p with tq > depending only on e, Qo, Kq, |Eo| and t*. 

2.3. Sobolev-type inequalities. We will give several Sobolev type inequalities 
under the assumption (Al). These inequalities are useful in establishing various 
estimates. 

Lemma 2.3. Let the assumption (Al) hold on Then for any smooth tensor 

field F on Tit M.* o,nd any 2 < p < 6 there holds 

(2.10) < C {\\yF\\%\^f\\F\\%^^^f + \\F\\l.^^^ 
where C is a constant depending only on JCq and p. 

Proof This is |12, CoroUary 2.7]. □ 

The following calculus inequality is useful in deriving L°° bounds of certain 
quantities. 

Lemma 2.4. Let the assumption (Al) hold on Ai^,. Then for any smooth tensor 
field F on Tit G M.^: and 3 < p < 6 there holds 

\\Fh^^^^) < C {\\y'F\\%]^f\\yF\\liP^-^^^^ + ||VF|U.(s,) + , 

where C is a constant depending only on JCq and p. 

Proof. By using a partition of unity, the Sobolev embedding W^'P(R^) ^ L°°(M'^) 
with p > 3, and (|2.7p in Proposition [TJ it is easy to derive for any scalar function / 
on Tit that 

ll/IU-(s.) <c(|iv/|Up(s,) + ll/IUp(E.))- 

Now we take / = |Fp in the above inequality. It yields 

\\nUi^.)<C{\\V\F\^r..i^^^ + \\\F\^r..i^^^) 
< C (l|VF|U.(s,) + ||F|U.(s,)) 
This implies for p > 3 that 

<C(|lVF|U.(s,) + lli^l|Lp(s.))- 
The desired inequality follows by applying Lemma [^751 to the term || Vi^||/^p(Sj). □ 
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3. Elliptic estimates for the lapse function n 

In this section, we establish a series of elliptic estimates on the lapse function n 
together with and h :— dtn under the assumption (Al). These results will be 
repeatedly used in later sections. Throughout this paper we will use C to denote a 
universal constant. 

3.1. Estimates on n. 

Proposition 3. Let the assumption (Al) hold. Then on every Sf C there 
holds 

||V2n|U.(s,) + ||Vn|U.(s,) <C. 

Proof. We multiply the equation —An + \k\'^n = 1 by n and integrate over St to 
obtain 

/ (|Vnp + |fc|2n2) = f n. 

Since < n < 3/t'^ < 3/tl and \^t\ < |Sf„ | |toP/|i* |^ this immediately gives the 
desired bound on || Vri||i2(5^j-). 

In order to obtain the bound on || V2n||/^2(x;^') , we use the Bochner identity 



the equation An — \k\ n ~ 1, Lemma [2^ and the Holder inequality to infer that 

llV'nlU^ < \\k\\l, + |St|^ + ||ffic||f.||Vn|U4 < 1 + ||Vn|U4. 
With the help of Lemma 12. 2[ we have 

llV^nlU^ < 1 + ||V2n|l^//||Vn||^// + |lVn|U.. 



|V2n||r2 <l+||Vn||r2 <1 



Therefore 

""^ 1 + II vn||L2 

and the proof is complete. □ 

Proposition 4. Let the assumption (Al) hold. Then there hold 

(3.1) W^MlIlum,) < C 

(3.2) M^iL^^M^^ < C 

where I < b < 2. 

We will give the proof with the help of the following lemma. 

Lemma 3.1. Let the assumption (Al) hold. Then for any l-form F on "Et C A^* 
we have 

(3.3) ||V2f|U2(s,) < C (|lAi^|U2(s,) + |lVF|U2(s,) + ||F|U2(s,)) . 

Proof. It is well known that for any l-form F on St there holds the Bochner identity 

AF\^ — / IV^Fp — - / RdiacRmiacFdFm 



(3.4) + / Rad^dF^VaFr - / Rrdac^ cFdV aF, 
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Since St is S-dimensional, the Riemannian curvature tensor is completely deter- 
mined by its Ricci curvature, i.e. 

Ridac — giaRdc + QdcRia ~ RicQda — RdaQic ~ -^QiaQdc — gicgda)R- 

Thus, we may use p.4p . the Holder inequality. Lemma [221 Lemma 12.31 and Lemma 
12.41 to obtain the estimate 

IIV^FIU. < IIAFIU. + ||ffic||^/'||V^^|U4 + WFU^wmch. 

< IIAFIU. + {\\S7^F\\%^S7F\\li' + || VF|U.) . 

With the help of Young's inequality, the inequality p.3p follows immediately. □ 

Proposition 5. Let the assumption (Al) hold. Then on every St C A^* there 
hold 

(3.5) II V3n|U.(s,) < C (||Vn||^.(s,) + ||fc|U»(s,)) , 

(3.6) ||Vn|U.(s,) < C {\\S7n\\H^^,) + llfclli^^^s/fll V'^IIl^S/') - 
where 3 < p < 6. 

Proof. A simple application of Lemma 13.11 to F = Vn gives 

(3.7) W^Ml^ < l|AVn|U2 + \\V^n\\L2 + ||Vn|U2. 

Recall the commutation formula AV^n — V il^n + RijV jU and the equation — An-t- 
|fcpn = 1, we can estimate 

l|AVn|U2 < llfclliellVnIUe + ||fc|U<» || VA^IU^ + WRicU^VnU^ . 

Plugging this into p.7p , using Lemma 12.21 and Lemma 12.31 gives 

l|V'n|U2 < ||Vn||L^ + ||Vn||ffi + ||fc||L». 

Using Lemma for the term ||Vn||/^oo with p = 4, we then obtain 

llV^nlU. < llV^nf/ZllV^nll^// + ||Vn||^i + ||fc|U^. 

This clearly implies p.5p . The inequality p.6p is an immediate consequence of p.Sp 
and Lemma [231 □ 

Proposition[4lfollows by integrating p.Sp and p.6p in time with the help of (Al) 
and Proposition [21 

3.2. Estimates on n~^. 

Proposition 6. Let the assumption (Al) hold. Then on each Sj C there hold 

||V2(n-i)|U.(s,) + ||n-i|U»(s,) <C. 
Proof. We first have from the Bochner identity that 

( |v2(n-i)|2= / |A(n-i)|2- [ i?,,.V.(n-i)V,(n~i) 



Js Js Js 

(3.8) <||A(n-i)||i. + ||i?zc|U.||V(n-i)||i.. 

Since —An + \k\'^n — 1, we have 

(3.9) A(n"^) = 2n^^\Vn\^ + n"^ - |fc|^n^^ 
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Consequently, it follows from the Holder inequality that 

l|A(n-i)||L2 < ||n-iVn|U4||V(n-i)|U4 + \\k\\U\n-'\\Le + \\n 



-1 1|2 
L4- 



Combining this inequality with p.8|) and using the Sobolev embedding ^ 
LP{I]) with 2 < p < 6, which is a consequence of Lemma [2.31 we obtain 

l|V^(n-i)|U. < ||n-iVn|U4||V(n-i)|U4 + {\\n-^m + \\k\\le) Wn-'U^ 

(3.10) +||i?*c||J,||V(n-i)|U4 

We need to estimate ||rt^^V?i||i4. To this end, we multiply the equation —An + 
|fcpn = 1 by for some positive integer I and then integrate by parts over to 
obtain 

(3.11) / (;n-'-i|Vn|2 + n-') = / ri-'+i|fcp. 
Taking I = 7 gives 



/ n-'|Vn|2 < / 



n-'\k\'<\\krL4n 



2 ll„-2||3 



Therefore 

||n-Vn|U4 < |Vnry^'<|lfc|l^//||n-2|l^/«|lVnf//. 

By LemmalOand PropositionEl we have || Vn||L6 < C {\\V'^n\\L-2 + || V?i||l2) < C. 
By using Lemma 12.31 and (13. lip with Z = 5 we also have 

\\n-^\\L^<\\n-'\\H^ < ^ n-'^lkl^Y' + \\n-4% 
<\\k\\L4n-'\\le + \\n-m, 

<(i + ||fc|U«)ll«-'ll?^- 



Therefore 



l|n-^Vn|U4<(l + ||fc||^//) ||A:||^//||n-i| 



l||3/4 



Combining this inequality with p. 101) and using Lemma l2.2l to bound ||fc||2,4, ||fc||^6 
and ||i?ic||i2, it yields 

l|V^(n-i)|U. < ||n-i||^/f ||V(n-i)|U4 + + l)||n-i||^i + \\V{n-')h^. 

Applying Lemma [2731 to the term ||V(n^^)||i4 gives 

l|V^(n-i)|U. < \\n-'f^t {\N'in-')\\%'\\V{n-')\\%' + ||V(n-i)|U.) + Wnr^ 

+ l|V^(n-i)f/,*||V(n-i)||^/* + ||n-i||^.. 
With the help of Young's inequality, we obtain 
(3.12) \\^\n~')U. <\\n~Ym + \\n-4H^. 

I^fi, we use p.lip with / = 3 to obtain 



-1 1|2 



(3|V(n-i)|2+n-3) = / Ifcpn- 
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It then follows from the Holder inequality and Lemma [231 that 




This clearly implies 

(3.13) ||V(n-i)|U. < (||fc|U4 + llfclli.) < 
The combination of p.l2p and p.l3p gives 

||V^n-i)|U. + ||V(n-i)|U. < \\n-^\\l. + 
Note that (|3TT|) with / = 2 gives 

This implies ||n-i||i2 < ||fc|||4 < C. We therefore obtain ||n"^||//2 < C. With the 
help of Lemma 12.41 the estimate ||n~^||ioo < C follows immediately. □ 

3.3. Derivative estimates about n. In this subsection we will give various esti- 
mates on the derivative n :— dtn. We start with deriving an elliptic equation for 
n. By straightforward calculation we have 

(3.14) An = -g'^V.VjU + dt{An) + g'^tf^Van 
Recall that ^ 

^t] ^ i^9°'''{^i9jb + ^]9ib - ^b9tj)- 

From ([L^ . pT^ and the fact Trfc = t it then follows 

g'^tl^Van = -2k'^V'-nV an + Trfc|Vnp. 

Plugging this identity into p. 141) and using g*-' = 2nfc*-' and An = |fc|^n — 1 we 
obtain 

An = -2nF^ VjVj-n + \k\^n + dt{\k\^)n - 2k^\7'nVan + Trfc|Vnp 
We may use the equations (jl.2l) and (jl.3p to derive 

dti\k\^) = -2fc*^V.,Vjn + 2nR,jk'^ + 2n|fcpTrA:. 
Consequently, we obtain 

An = -ink'^ViVjU + |A:pn - 2fcf V'nVan + Trfc|Vn|2 

(3.15) + 2nRijk^^ + 2n|fcpTrA:. 

Now we multiply the equation p.lSp by n and integrate over Sj, by using the 
boundedness of n and the Holder inequality we obtain 

/ {\Vn\' + \k\'\nn 

< / (|n||A:||V^n| + |n||/fc||Vn|^ + |n||i?ic||/c| + |n||fc|^) 

< (llV^nlU^ + ||Vn||i4 + WRich-) 11^1^4 ||n|U4 + ||fc||i6||n|U2. 

Using the bounds derived in Lemma [^?^ and Proposition[3]together with the Sobolev 
embedding we have 

/ (iVnp + Ifeplnp) < ||n|U4 + ||n|U2 < ||Vn|U2 + ||n|U2. 
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Recall that |fcp = [fcp + e and \t\ > > 0. Therefore 
l|Vn||i. + ||n||i. <||Vn|U. + ||n|U.. 

We therefore obtain 

Lemma 3.2. Let the assumption (Al) hold. Then for each C AA*, there holds 

(3.16) ||Vn|U2(s,) + ||n||L2(s,) <C- 

Now we are ready to give some estimates on the mixed norms of n. 

Proposition 7. Let the assumption (Al) hold. Let n = dtn. Then there hold 

\\^'^n\\Li^2^M,) < C and ||n||L,^L~(M.) < C 
for any 1 < 6 < 2. 

Proof. In view of the assumption (Al), it suffice to establish on every Et the 
inequalities 

(3.17) l|V2ri|U.(s.)<t^(II^IU-(s.) + l), 
and 

(3.18) \\n\\L^i^.)<c(\\kt^l-^'j^ + l) 

for any 3 < p < 6. 

By the Bochner identity, we have 

\\vMl^<\\/\h\\l. + \\mcU4Vn\\l.. 

By using ||i?zc|1^2 < 1 and applying Lemma 12.31 to ||VTi||i4 wc obtain 

llV^nlU. < ||An|U. + ||Vn|r^('||Vn||^(' + ||Vn|U.. 
In view of Young's inequality and p.l6p . it follows 

(3.19) llV^nlU. < ||An|U2 + l. 
From the equation (|3.15[) it follows that 

l|An||L= < (HV^nlU. + \\Ric\\l^) + ||fc||ie ||n|Ue + i| Vn||ie ||A:|U. + ||fc||ie. 

With the help of the estimates derived in Lemma 12.21 Proposition [3] and p.l6p 
together with the Sobolev embedding we have ||A?i||^2 < + 1. Therefore 

II^^'^IIl^ ^ 11^11^°= + 1 which is exactly (|3.17[) . The inequality p.lSp immediately 
follows from Lemma [23 (|3T7| and (|3lll) . □ 

4. Null radius of injectivity: proof of main theorem II 



In this section we will give the sketch of the proof of Theorem ll.2l The complete 
proof is rather involved and requires a delicate bootstrap argument. For any io < 
ti < t* we consider the slab Aii — Utei'^t with / = [<o,^i]. We set, for each 
P e Mi, 

iJp t) = / iii*iP,t) > tip) -to, 

* [ i^{p,t), otherwise 

and define 

(4.1) := min{z*(p, i) : p G A^/}. 

Due to the compactness of A4/, we have z* > 0. In order to complete the proof of 
Theorem 11.21 it suffices to show that > (5* for some universal constant (5* > 0. 
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We will use the following result concerning the lower bound on the null radius 
of injectivity of a globally hyperbolic space-time which has essentially been proved 
in[n]. 

Theorem 4.1. Let < n < C on Aij for some constant C > 0. Then there 
exists a small constant e > depending only on C such that if, for some constant 
5<, > 0, the following three conditions hold for all p G Aii : 

CI. the null radius of conjugacy satisfies 

s*(p, t) > min{i*, (5*}; 

C2. for each t satisfying 

< t{p) — t < mm{i^,,S^,}, 

the metric 7t on obtained by restricting the metric g on Ej to St '■= 
M~{p) n St and then pulling it hack to by the exponential map Q{t, ■), 
verifies 

\-ft[X,X)-l {X,X)\<el {X,X), VXGT§^ 

o 

where 1 is the standard metric on S^; 
C3. OnUp :^ IpX Bs,{p) with I p := [t{p) — imi'i{i^,,S^,},t{p)] and Bs,{p) C '^t(p) 
a geodesic ball, there is a system of coordinates x" with x^ = t relative to 
which the metric g is close to the Minkowski metric niap — ~n{p)dt^ + 
Sijdx''dx^ in the sense that 

\n - n{p)\ + \gij - S,j\ < £ onUp, 

then there holds > S*, i.e. the null radius of injectivity verifies 

i*{p,t) > min{(5*,t(p) - <o} 

for all p e Mi. 

Let us briefly outline the idea of proof. Assume that < (5*. Let po G A^/ be 
a point such that J*(po)i) = i* < t{p) — io- By CI we have s*(po,0 > **(Po,^) = 
h{po,t). Thus there exist two distinct past null geodesies 71 and 72 initiating at 
Po intersect at a point qo with t^qo) = i(po) ~ i*. According to the definition of 
and im Lemma 3.1] 71 and 72 are opposite at both po and qo. On the other hand, 
under the conditions C2 and C3, Lemma 3.2 and Lemma 3.3 in [TT] imply that 
such two null geodesies can not intersect in the time slab [t{po) — ^*,^(po)]■ 
Theorem [47T] provides a general framework to estimate the null radius of injec- 
tivity from below. Under the condition (|1.9p . in Klainerman and Rodnianski 
showed that the conditions C1-C3 hold with a universal constant (5, > 0; thus 
they derived a universal lower bound on the null radius of injectivity. 

In the following we will describe how to verify the conditions C1-C3 under the 
assumption (Al). To this end, for each p e Mj consider the past nuU cone M~{p), 
let s be its affine parameter and let St = N'~{p) fl E*. Then 5** is diffeoniorphic to 
§^ for each t satisfying t{p) — i*{p, t) <t < t{p). Let 7 be the restriction of g to St 
and let \St \ be the corresponding area. The radius of St is defined to be 

(4.2) r v/(4^FW 

which is a function of t only. 
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On {p, t) \ {p} with T < i^,{p,t) we can define a conjugate null vector L with 
g(iy,L) — —2 and such that L is orthogonal to the leafs St- In addition we can 
choose (eyi)yi=i,2 tangent to St such that (eyi)A=i,2, = L, 64 ~ L form a null 
frame, i.e. 

S{L,L)^~2, g{L,L) ^ g{L,L) ^ g{L,eA) ^ g{L,eA) = 0, g(eA, es) = (5as- 

The null second fundamental forms x, x, the torsion C and the Ricci coefficient C 
of the foliation S't are then defined as follows 

XAB ^ s{'DAL,eB), x^g= si'DALcB), 

Ca = Ie(DaL,L), C^ = ig(eA,DiL). 
In addition we define 

AH 

trx = 7 XAS, XAB = XAS - 2*'"^'^^^- 

We can define trx and x similarly. 
We introduce the null lapse function 

a-i ■.^g{L,T). 

Then a > and a(p) = 1. It is easy to see that 

L= -a-^{T + N), L = -a{T-N), 

where N denotes the unit inward normal to St in £4. We also introduce the function 

ly := —n~^\/Nn + k^N 

which is relevant to the estimate on a. 

For any 5't-tangent tensor field F we define the norm ||^||loo^2(-j^-(p_.^-)-) by 

rtip) r 
ll^lli~i2(^-( )) := sup / iFpnadt := sup / \F\^nadt, 
uies'^ Jt{p)-T uieS'^Jr^ 

where F^j denotes the portion of a past null geodesic initiating from p contained in 
AA-(p,r). 

The following result is sufficient to prove the conditions C1-C3 in Theorem l4.1l 



Theorem 4.2. Let the assumption (Al) hold. Then there exist universal constants 
(5* > and C* > such that for any p G Mi there hold 

ftip) 

(4.3) / |fc($(i))pdt < 

with $ the integral curve of T through p, and 



(4.4) 



2 

trx - - 



on any null cones J\f {p,t), where t :— min{i*, J^,}. 

In fact, the estimate on trx in (|4.4p implies the condition CI, see [Hll^. Next 
we will show that the estimates in (|4.4p imply the condition C2. To see this, we 



recall that ^ = —na and j-'^ab — '^Xab- Then 



dt 

d 



^(s ^Jab) = -na (-2s ^jab + 2s ^xab) 
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Let X G TS^ be any vector field. Wc integrate the above equation along any null 
geodesic and note that limj^j^p)- s{t)^'^^{t) see [12): it follows that 



,{t)'^-l{X,X)-l {X,X) 



< 



tip) 



sit') 



s{t')-^j{X,X)nadt' 



Let 

0:=2|x 

We then have 

s{t)-^jiX,X)-nX,X) 



2 



< 



e 



sit')-Hx,x)-i{x,x) 
tip) 



nadt' 



+ liX,X) 



e{t')nadt'. 



Therefore, it follows from the Gronwall inequality that 
s{t)-^-f{X,X)-l {X,X) <1{X,X) / enadt'exp 



tip) 



Q(t')nadt' 



Since < n < the estimate (|4.4I) in Theorem W% implies 

rtip) , . 

Qnadt' < C ((t{p) - _^ (^(p) _ < (^(^(p) _ ^)i/2 



and consequently 



(4.5) 



s-^^{x, xy 1 {X, X) < c{t{p) ~ tf'^ 7 (X, X) 



for all t(j)) — min{i*, < t < t(p), where C is a universal constant. The condition 
C2 is thus verified. 

The verification of the condition C3, using the estimate (|4.3p . is given in the 
following result. 

Lemma 4.3. Let the assumption (Al) hold. For any e > 0, there exists a constant 
(5* > depending only on Qq, ICq, and e such that for every point p G Mi there 
exists onlAp := IpX Bs_^{p) with Ip — [t{p)—Tahi{i^,,6^,},t(p)] a system of transported 
coordinates t,x = {x^,x'^,x^) relative to which g is close to the Minkowski metric 
m(p) = —n{p)^dt^ + dijdx^dx^ , in the sense that 

(4.6) \gij — 5ij\ < e and \n — n{p)\ < e. 

Proof. It follows from Proposition [2] that there exists a constant (5o > depending 
only /Co, Qo, t* and e such that every geodesic ball Bs„{p) C '^t{p) admits a system 
of harmonic coordinates x = {x^ , x'^ , x^) under which 

(4.7) (1 + e/2)-^5^j < g^j < (1 + t/2)6^j. 

Under the transported coordinates t,x = {x^,x'^,x^), let p = {t{p),0) and let q = 
(t, x) be an arbitrary point in Ip x Bs, (p) with Ip ~ [t{p) — min{i*, (5*}, t{p)], where 
< i5* < (5o is a constant to be determined. By using the equation dtgij — —2nkij 
we have 



\gij{t,x) - g^J{t{p),x)\ 



tip) 



dtg^j{t',x)dt' 



= 2 



tip) 



n\k\dt'. 
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Using the bound < n < 3/t*, the Holder mequality and the esthnate (|4.3|) m 
Theorem 14.21 it foUows for some universal constant Ci > that 

\g,j{t,x)-g,j{t{p),x)\ < Ci{t{p)-ty/^ < C\6y\ 

In view of f|4.7p . we thus obtain 



1/2 ^ 

(4.8) \gtj{t,x) -%| < \g.ij{t,x) - g,j{t{p),x) \ + \g,^{t{p),x) - S,j \ < CiSJ + -, 

1 /2 

which gives the first inequality in (|4.6I) by letting Ci6j < e/2. 

Next we prove the second inequality in (j4.6p . From Proposition [7] we have 

\nit,x)-n{tip),x)\ < / |n(t',x)|di'<(i(p)-t)i/4||n|| 4/3,^ <C2(5y^ 



while by employing Morrey's estimate, Lemma l2.3l and Proposition [3] we have 
\nitip),x)-n{t{p)M < C2<5y'||Vn|U4(s,,^,) 



< c,sl/' (ii 



where C2 > is a universal constant. Therefore 

\n{t,x) ~n{p)\ < 2C2&\'^ 
which implies the second inequality in ()4.3p by further letting 2Ci&\^'^ < e. □ 



The proof of Theorem 14.21 is based on a delicate bootstrap argument. We first 
fix some notations and terminology. Related to the deformation tensor tTq,^ of T, 
we introduce the St-tangent tensor h'^h'^^Tr , where 

denotes the projection tensor. It is easy to see that fc^ = hfhjTT)j,i, and thus this 
tensor is an extension of k. We will denote it by the same notation k, i.e. 

(4.9) fc„/3 = h'^h-'f,!:^. 

Note that koa = kao = 0. 

Corresponding to the null vector L, let Vifc be the St-tangent tensor defined by 

and let 

\^Lk\^ ^g''' g^^Lh.VLh^f. 
We also introduce ^k by ^ A^ij •= ^Akij and set 

\fk\^ ^j^^'g^'^'g^^'VAhj^Bh',,. 

Corresponding to the second fundamental form k, then, for each p G Adj, we 
introduce on the null cone Af^ (j), r) the /c-fiux 



(4.10) F[k]{p,T)= f {\fk\^ + \VLk\' 



where, for each function / and r < i<,{p,t), 

f ■— / fnadfijdt. 

Af-(p,T} Jt{p)-TJSt 
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Corresponding to the time foliation, we recall the null components of the Rie- 
mannian curvature tensor R as follows 

aAB = Ttl{L,eA,L,eB), I^a = \'^{<iA, L, L, L), 



(4.11) p=iR(L,L,L,i), 



a= i*R(i,i,i,L), 
QLab ^ ^iL,eA,L,eB)- 



The corresponding curvature flux TZ{p, t) on the null cone M (p, r) is given by 
/•t(p) r 

Jt{p)-T J St 

The following result says that once the null lapse a is well controlled, then the 
fc-flux and the curvature flux can be bounded by a universal constant. 

Theorem 4.4. Let the condition (Al) hold. Then there exists a universal constant 
> 1 such that for all p G Aij if \a — 1\ < 1/2 on Af^{p, r) for some < t < i^ 
then there holds 

7^(p,T) + ^[fc](p,r) <a. 

We will prove Theorem 14.41 in Section [6l This result requires 1/2 < a < 3/2 on 
Af~{p,T) which is obvious for small r > since a{p) = 1. In order for the above 
result to be applicable, we must show that there is a universal constant (5* > 
such that the same bound on a holds with r := min{i,,(5*}, and so does the same 
bound on TZ{p,t) + T[k]{p,T). We will use a bootstrap argument to achieve this 
together with various estimates on trx, X ^^'^ ^- That is, we will make the following 
bootstrap assumptions 



(BAl) 

(BA2) 
(BA3) 



a 



1 



2 

trx 

s 



llx 



1 1 2 



(BA4) 



Ml 



1 

^2' 



-Ll{N-{p.r)) 
-Ll(N-(p,r)) 

on the null cone J\f^{p,T) for all p £ Mi, where < r < and £o > 1 are two 
numbers satisfying £qt < 1 . Due to the continuity of the quantities involved and the 
compactness of Mj, the bootstrap assumptions (BA1)-(BA4) hold automatically 
for sufficiently small r > 0. Our goal is to show that we can choose universal con- 
stants fo > 1 and (5, > such that (BA1)-(BA4) hold with r — mm{i^,, 6^,}. We 
will achieve this by showing that the estimates in (BA1)-(BA4) can be improved. 

We will first derive various intermediate consequences of the bootstrap assump- 
tions. In particular, we will derive the estimate on the important quantity A/i [f] 
which is defined as follows. For any St tangent tensor field F defined on the null 
cone M~{p, r), the Sobolev norm Mi[F]{p, r) is defined by 

(4.12) A/-i[F](p,t) := \\r-^ FW^^^^- (p,r)) + II ViFH^.f^-f^,,,^ + \\1/F\\ 



\L^{N-{p,r)y 



Recall that the components of the deformation tensor tt of T under transported 
coordinates are given by ttoo = 0, TToi = — n^^Vin and iiij — kij. Let us denote by 
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A = —^Trk — —-^t and k the traceless part of k. We decompose k on each St by 
introducing components 

(4.13) r]AB=kAB, ^A^kAN, S = kNN 

where (e^)^^i 2 is an orthonormal frame on St and N is the inward unit normal 
of St in Et. Let tjab be the traceless part of ij. Since S^^rjAB ~ —S, we have 

VAB = + -^oabo. 

We will denote by ^, and tj/q the collections 

respectively. We then define / to be the collection 

(4.14) / = (l,7r/o,A). 

We define JVi[f]{p, r) according to (I4.12p with F replaced by f. 

With the help of the bound on fc-flux given in Theorem l4.4l and various estimates 
on the lapse n given in Section 3, we will show that J\fi[f]{p, r) can be bounded in 
a suitable way under (Al) and the bootstrap assumptions. 

Theorem 4.5. Let (Al) hold. Then there exists a universal constant C such that 
under the bootstrap assumptions (BA1)-(BA3) with Sqt < 1 there holds 

(4.15) Mi[f]{p,T)<C 
for all p £ Mi- 



We will prove Theorem 14.51 in Section 8. From Theorem 14. 41 and Theorem 14.51 it 
follows that 

(4.16) nip,T)+J^,[f]{p,T)<Co, 

where Co > 1 is a universal constant. 

With the help of (|4.16p . we can establish the following result which enables us 
to improve the estimates in the bootstrap assumptions. 

Theorem 4.6. There exist two universal constants 6q > and Ci > 1 such that, 
under the bootstrap assumptions (BA1)-(BA4) with £qt < 1, if t < min{i*,(5o} 
then there hold 

(4.17) |a-l| <Cit1/2, 



2 

trx- - 
s 



<Ci, 



(4.18) 

(4-19) \\x\\l^LnM-ip.r))<Ci, 
(4-20) ||Hlis=L?(A/--(p,.))<Ci 
on the null cones Af~ {p, r) for all p G Aij. 



The significance of Theorem 14.61 lies in that it allows us to choose Sq > 1 and 
(5* > universal such that (BA1)-(BA4) hold on M~{p, t) with r min{i», 5,}. 
To see this, we choose £q and 5* in the way that 

(4.21) £o:^2Ci and 5* = min{(4Ci)"^ Jo}. 
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With such So and (5*, the estimates (|4.17|) - (|4.20|) imply that the estimates (BAl)- 
(BA4) can be improved as 



W-l\<\, 



2 

trx 

s 



on N~{PtT) if t < minji^j^H.}- By repeated use of Theorem 14. 4[ Theorem 14.51 and 
Theorem 14.61 the bootstrap principle implies that the estimates in the bootstrap 
assumptions (BA1)-(BA4) hold with t = min{i*,(5*}, where £o and (S* are deter- 
mined by (|4.2ip which are positive universal constants. Consequently, we obtain 
(113) in Theorem O 

We remark that the analogous results to Theorem 14 . 61 have been proved in |7l[T3] 
for the geodesic foliations where only the bound of the curvature flux is used. In 
time foliations, however, the proof of Theorem 14. 61 relies not only on the curvature 
flux but also on A/i [/] . 

Assuming (|4.20p , the following simple argument shows how to derive (|4.17p with 
the help of (BAl). Recall that 0"^ = g(L, T) and L = -a-^{N + T). Wc have 

-^a-i - g(L, DlT) = a-2g(Ar, DtT) + a-^g,{N, D^T). 
as 

Since DtT = n^^Vn and ki^pj = — (iV, DatT) we obtain -j^a^^ = — a^^ [t^on + ^nn) 
Consequently 

(4.22) L{a) = -^a = ttqn + kNN- 

as 

Since ^ — ~na, we have 

= -na {ttqn + kj^N) ■ 

Integrating the above equation along null geodesies initiating from p and using 
a{p) = 1 yields 

rt{p) rt{p) 
a — 1 = / (ttotv + ^Afw) nadt' = / vnadt' . 

Since < n < i/tl, (BAl) and imply 

|a- 1| < Ci{t{p)-tfl^ < 

for all t{p) — T < t < t{p), where Ci could be a different but universal constant. 

The derivation of (j4.18p - (j4.20[) however is highly nontrivial and requires lengthy 
calculation. The complete proof is contained in |14) where other related estimates 
for Ricci coefficients are proved simultaneously. 

In order to complete the proof of Theorem 14. 2[ it remains to prove (14.31) which 
is restated in the following result. 

Theorem 4.7. Assume that the condition (Al) holds. Then there exist universal 
constants 5* > and C > such that 

t{p) 

\k((S>(t))\'^ndt < C 

t{'p) —m\x\.\i ^ ,(5^ } 

joT all p G Ml, where $ denotes the integral curve o/T through p. 
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The proof of Theorem 14.71 forms the core part of the present paper. It is based 
on the formula of Ok given in Section [5] and a Kirchoff-Sobolev representation for k 
given in Section 9 together with various estimates on nuU cones derived in Section 
8. 

5. Tensorial wave equation for the second fundamental form 

In this section we will derive the formula for Ok, where k is defined in (|4.9p 
whose projection to Et is exactly the second fundamental form. 

Proposition 8. The tensor k defined by verifies the tensorial wave equation 

-2TrkR,j - i?% + RTrkg,j + 2{k'iRaj + k'^^Rai) ~ 2Rabk''''g^j 
+ n"^(2fcf VaVj-n + 2A:°VaVjn - Anhj - Trk V^V^n) 

(5.1) + 2kiak khj T^oaT^okij n kij . 
Proof. We first recall that 

Ok,j = -DoDofc,:^- + .gP'^DpD,fc,y. 

By using /cqq = ^qO = and D^ej = V^ej — fc^T, we can obtain through a 
straightforward calculation that 

Q'^'^'DpDqkij — /\kij -\- Trfc Dq/cj^ -t- ^k^^k k\yj. 

By using DtT = n~^V*nei = — TTge; and fcoc — kao — 0, we can obtain 

DoDofcy = eo(Do%) + fcf Do/caj + k'^^okia + 7roaV°% 
+ TToiDofcoj + T^oj'Dakio. 
It is easy to see Dg/Joj = TToa^j • From the equation (|1.3p it also follows that 

(5.2) Do% = eoihj) + 2kiak'^ = -n" V^V^n + i?^- + Trk 
Consequently 

DoDofcy = eo(Do%) + 7roaV°% - {k^Va^jn + k^^VaViu) 

+ {k^Raj + k'^Ra^) + 2TrA: kiak] + TTo^TToafc^" + TTQjTToak^. 

Therefore 

akij = -eo(Do%) - 7roaV"fc.y - TrojTroafc" - TTojTToafcf 

(5.3) - 2Trfc hak"^ + Ahj + Trk Uohj + 2hak''^kbj . 

We need to compute eo(Dofcij). It follows from (15. 2p and Trfc — t, we have 
eo(Dofcij) = n^^n\7 iV jU — n^'^dt{Vi\7 ju) + u^^dtRij 

(5.4) + n-^kij + Trfc Dofc^j - 2Trfc fc„fc°. 

In order to compute 9t(ViVjn) and dtRij, let F^^ denote the Christoffel symbol of 
Et. Then it follows from the equation dtgij — —2nkij that 

r^^. = -n (V,fc^" + Vjfcf - V°%) - V.Tifcj" - Vj-nfcf + V'nkij. 
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Using divfc ~ and Tr/c = i, this in particular implies rjj^ = — TrfeV^n. Therefore, 
noting that dt{Vi\7jn) — jfi — F-j-Van, we can obtain 

dt{ViVjn) = V^Vj-n + nV an {Vikj + V^fef - V^) 

(5.5) + {Viukj + Vjuk"-) Van - |Vnpfcy. 

Noting also that dtRij — VaF^j — ^i^aj divfc ~ 0, we have 

^tR^J = Van (2V°% - V.fc° - Vjfc°) - n {VaV^k] + VaVjk^ - Ak,j) 

+ Anfcy - (VaV.n ■ + VaVj-n • fcf ) + Trfc V^Vj-n. 
With the help of the commutation formula 

VaV,fc^" = [Va, V,]fcj" = Rj\,kl + Ra^k^ 

and the curvature decomposition formula 

Rj^bi = gjbRf + RjbSt - -Rjif^ft - Rlgji - -{gjbSi - gijS^)R, 

we obtain 

VaV^k^ = 2R,ak^ + R.a^ - Tik R,j - Rabk''^ g^J - ^Rhj + ^RTikg.j. 
Consequently 

^tR^J = Van (2V"fcy - V^k] - Vjk^) - {VaV^nk] + VaVjnkI) 
+ nAfcy + Anfcy - 3n (i?„fcj + i^jafcf) + 2nTrk R,j 

(5.6) + 2nRabk"''' gij + nRk.j - nRTik gij + Trfc V^-ri. 

Plugging (|5.5I) and (15.61) into (|5.4p . and using TToi = —n^^ViU, it yields 

eo(Dofcy ) = n-^nViVj-n - n^^y^y^.^ _ (SVfcy - 2Vifc° - 2Vjfc,'') - noinoak] 

~ TTojTTQak^ + TTOaKhj - {V aV ink"^ + V aV jUk^ - TrkV^Vju) 

+ Afcy + n-^An kij - 3 {R.akj + RjaK) + 2Trfc R,.j + 2Rabk''^gij 
+ Rkij — RTrk gij + n^^kij + Trfc Dofc^j — 2Trfc kfkaj ■ 
Plugging the above equation into (|5.3I) gives the desired equation. □ 

6. Proof of Theorem 14.41 

In this section we will complete the proof of Theorem 14. 4[ i.e. we will show that 
if |a — 1| < 1/2 on A/'~(p, t) for some < r < then 

7^(p,r)+ J-[fc](p,r) <a, 

where C* is a universal constant. 

We will use the following result (see [Sj Lemma 8.1.1]). 

Lemma 6.1. Let P be a vector field defined on the domain J'^{p,t). Then 
f giP,L)= f Ti^P^- ( ^{P.^)diig, 
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where J (p) denotes the causal past of p, J {p,t) denotes the portion of J [p) 
in the slab [t(j)) — t, and 



JJ-(p,t) Jt(v)-T \Jz 



fndfig 



tip}--' 



'Stnj--(p) 



We first show the boundedness of the curvature flux TZ{p,t). With the Bei- 
Robinson tensor Q[R] defined in Section 2, we introduce = Q[R]p^^5T^T'''T''. 
We may apply Lemma l6. II to obtain 



/ g(P,i)=/ D^P^-/ Q[R](T,T,T.T)d^<„ 

With the help of the calculations in subsection 2.1, (Al) and Lemma \2.1l it then 
yields 



(6.1) 



7V-(p,r) 



< C. 



Note that g(P,P) = Q[R](T, T, T, L) and T = -\{aL + a-^12}. Since |a-l| < 1/2 
on M~{p,t), it follows from [5l Lemma 7.3.1] that —g{P,L) is equivalent to 



\af + \(3f + \§\' + \p\ , 
Thus, there holds, for some universal constant C > 0, 



c-'nip,T) < 



Af- (p.t) 



<cn{p,T). 



By (|6.ip . we conclude that TZ{p,t) < C, for some universal constant C, . 

Next we will show the boundedness of the fc-flux J^[fc](p, r). With the help of 
the projection tensor 

for any tensor field [/Qic<2 - am TAi, we define \U\ as follows 

|C/|2 = h"UlUj = h'^'^' ■ ■ ■ /l""^'"C/aia....a„ t/ft/^....;3„ 

For any Et-tangent tensor field U in M.i, we define the energy momentum tensor 
Q[U]afj associated with the covariant wave operator acting on tensors: 



We have 



It is easy to see that the last term in the above equation can be written symbolically 
as TT • DC/ • Df/. 
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Now we apply the above equation to U = k. Noting that h°°' = and /i*^ = g 
we have 

D'5(Q[fc]„^T") = D^T"Q[fc]„^ +D^g[fc]o/3 

= -k'3Q[k],j ~ 7r°^Q[k]oj + Dofc'^n% 

(6.2) + [Da, Do]% V^fc'J + TT • D/s • Dfc. 
In view of the commutation formula 

we derive symbolically 

D'^(Q[A:],^T") = -F^Q[fc],, - 7rOJQ[fc]o, + Dofc^^D^ 

(6.3) +i7 -A:- Vfc + TT-D/c-Dfc. 
From the definition of Q[k], it is easy to see that 

(6.4) Q[A;]oo = i(|Dofc|' + |Vfc|2), 

(6.5) Q[fc]oj = T>okp^V,kP\ 

(6.6) Q[A:]„- = V,A:pgV,F« - ig,, (-|DoA:p + |Vfcp) . 
Therefore 

D^(Q[/e]a0T") = (-|DoA:|" + |Vfc|2) + fc • VA: • Vfc 

(6.7) +Dofc- nfc + i/ -/fc- Vfc + TT-D/c-Dfc. 
We now apply Lemma W\\ to := T"Q[fc](^ and obtain 

(6.8) / Q[k]{T,L)+ [ Q[fc]oo= / D^(Q[fc]„^T"). 

For the null pair i and i, it is easy to see that 

Q[k]{L, L) = \VLk\^, Q[k]{L, L) = \Uk\\ 
Since T = —^{aL + a^^L), we have 

Q[fc](T,L) - -i (aQ[fc](L,L) + a-iQ[fc](L,L)) - (alVifcp + j^fep) . 
Since |a — 1| < 1/2, the /c-flux defined in (|4.10p verifies the inequality 

- / QW(T,i) < T[k]{p,T) < -4 / g[fc](T,L). 

Thus we derive from (16.81) and (16.41) that 

(IDofcp + |VA:p) 

St(p)_^nj-(p) 



D^(Q[A:]„^T° 



(6.9) J-[fc](p,r) <4 

In view of (|5.2p . Lemma [521 Proposition [3] and Proposition [51 we have 
/ (|Dofcp + |Vfc|2) 

(6.10) < llV^nlli,^^^) + ||i?ic||i.(5,^) + ||fc||t.(j,^) + ||VA:|li.(5,^) < C. 



28 



QIAN WANG 



Moreover, in view of (|6.7p . (Al), Lemma [221 and the above inequality we have 



D''(g[fc]„/3T") 



< 



t{p) 

Hp)- 



|Dofc||L2(s^,)||nfc|U2(s^,)dt' 



+ / |k||L~(E„)(l|Dofc|li.(S„) + ll^^l 

Jt{p)-T ^ 

Jt{p)-r 

rt(p) rt{p) 

Jt(p)-T Jt(p)-T 



2 

LH^t') 



dt' 



(6.11) 

Therefore 
(6.12) 



t(p) 
<C + C 



t{p) 



t{p)-r 



|nfc|U2(s^,)dt'. 



/•t(p) 

T[k]{p,T)<C + C ||nA;|U2(s^,) 



We now recall the formula for Ok given in Proposition |S] which symbolically can 
be written as 

ak = -n^^hV'^n + n^^V'^h + n ■ n ■ tt + k ■ V^n + k ■ Ric + n ■ \/k - n^^k. 



Since C ^ < n < C, we obtain 

+ l|fc|lLiL-l|V^"llL-L?. 



+-||fc|| 



L}Ll 



\Ric\ 



+ MlILI + h\\LlL^\\^kU^I^2. 

In view of the assumption (Al), Lemma 12.21 Proposition [31 Proposition [7] and 
(jeTTOj) . it follows 



Infcl 



< c 



(i + lkllij. 



< c. 



Combining the above inequality with (|6.12p completes the proof of Theorem 

7. Trace estimates 

For a point p € M-i, let s be the afhne parameter on the null cone N~{p) and 
let r be the radius of St := N~{p) fl St which is defined by (|4.2p . On each St we 
introduce the ratio of area elements 



(7.1) 



1/2 

We will first show that all the quantities s, r, and t{p) ~t are comparable under 
the bootstrap assumptions (BA1)-(BA3). Here we say two quantities and ■0 are 
comparable in the sense that C'^i/j < (p < Cip for some universal constant C > 0. 

Lemma 7.1. Under the bootstrap assumptions (BA1)-(BA3), the four quantities 

1 /2 

s{t), r{t), and t{p) — t are comparable on the null cone M~{p,t) with r < 

Tiiin{i^,5^:} , where 5■^, > Q is a universal constant. 
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Proof. The comparability of s and t{p) — t follows from the relation ^ = —na and 
the bootstrap assumption (BAl). Similar to the derivation of (|4.5p . we have under 
the bootstrap assumptions (BA1)-(BA3) that 

(7.2) I < 1,(^)2 ° 

for all t(p) — min{i*, T, (5,} < t < t{p), where (5* is a universal constant. This 
implies immediately that ^s(t)^ < vt < |s(t)^. Consequently Vt and t{p) — t are 
comparable. Thus for the area \St \ of St there holds 

C-\t{p)^tf <\St\<C{t{p)-tf 

for some universal constant C. This together with the definition of r gives the 
comparability of r and t{p) — t. □ 

7.1. Optical function. In this section we give a brief review of the construction 
of optical functions, one may see for more information. 

For any point p e M.i, let J~{p) be the causal past and let [p) and I^{p) 
denote respectively the null boundary and the interior. For each < r < with 
defined by (|4.ip , let J~ {p, r) , M~ {p, r) and X~ {p, r) denote the portions of J"^ (p) , 
Af^ {p) and (p) in the time slab [t{p) — r, t{p)] respectively. Let $ be the integral 
curve of T through p with = p. According to the definition of i*, all the 

null cones M~{^{t),T + t ~ t{p)), with t{p) — t <t < t{p) and t < i^., are disjoint 
and their union forms J\f^{p, r). We now define u to be the function, constant on 
each 7V"($(i),< + t - t{p)), such that 

u{^{t)) = f n($(t'))dt'. 

J to 

Such u, which will be called an optical function, is a well-defined smooth function 
on J^^ (p, t) and satisfies the eikonal equation 

g^^daudfiu = 0. 

It is clear that the level sets C„ of u are the incoming null cones in the time slab 
[t{p) — T,t{p)] with vertices on and T(u) = 1 on $. Moreover, the null geodesic 
vector L defined before can be written as 

For each t € [i(p) — T,t{p)], we define UM{t) and Um{t) respectively to be the 
largest and smallest values of u for which the part of the cone C„ that lies in the 
future of Et is contained in J~(p), i.e. 

UM{t) = u{p) and u„i{t) = u{^{t)). 

For each u{^{t{p) — r)) < u < u{p), we also define tM{u) and t,n{u) to be the 
largest and smallest value of t for which Et intersects C„ respectively. It is clear 
that tM{u) is the value of t at the vertex of Cu and tm{u) = t{p) — r. Note that 
both um and tm are independent of t. 
We set 

St,u '■= Cu n Et 

which is a smooth surface for each t(p) — t < t < t{p) and um < u < Um{t)- The 
corresponding radius function is defined as 

r{t,u) := ^(47r)-i|5,,„|, 
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where \St^u\ denotes the area of St,u with respect to the metric 7. 

The following result follows immediately from Lemma 17.11 and the definition of 

u. 

Proposition 9. Under the bootstrap assumptions (BA1)-(BA3) on {p,t) for 
all p e A4i, there hold 

(7.3) < < C 

r[t,u) 



an 



d 



(7.4) c-i < "L^!^ < c 

r[t,u) 

for all t{p) — min{i*, T, (5,} < t < t(j)), where C and (5* are two positive universal 
constants. 

In view of the above notations, it is clear that 

te[t{p)-T,t(p)] 

Let Int(S't_„jj^) be the interior of St^uM in ^ti then 

lTLi{St,UM) = U St,u and J-{p^t)^ [J Int(S't,„„). 

The following simple result can be found in [S]. 
Lemma 7.2. For any scalar f satisfying 



lim / fdfi^ = 0, 



there holds 

/ fdp^^-l I {\/Nf + tr0f)adfij^du, 

where N denotes the unit inward normal to St^u 'in ^t, cind 9 denotes the corre- 
sponding second fundamental form. 

7.2. Trace estimates. We will rely on the following trace inequality. 

Lemma 7.3 (Trace inequality). Under the bootstrap assumptions (BA1)-(BA3) 

on J\f^{p,T) with £qt < 1, for any Sf tangent tensor field F there holds 

\\r-'/'F\\L2^s.^ < ||VF|U.(s,) + ll^^liL^(s.), 

where St := J^~{p, r) n Sf and r := ^(47r)-i|S't|. 

The proof of Lemma 17.31 can be seen in Appendix. Using Lemma 17.31 we are 
able to derive the following 

Proposition 10. Let the bootstrap assumptions (BA1)-(BA3) hold on J\f^ {p,t) 
with £qT < 1. Then for any Ej tangent tensor field F there hold 

(7.5) ii-F|ii^(5.);$ll^ll«Ms.)ii^iu^(s*)' 

(7.6) WFUhs,^ < \\F\\Hii^,^ 
for all t{p) - T <t < t{p). 



IMPROVED BREAKDOWN CRITERION FOR, EINSTEIN VACUUM EQUATIONS 31 



Proof. Let (j){u) be a smooth cut-off function verifying < (/> < 1, (j){uM) — 1 and 
supp(0) C [ ""•+"^% MAf]. It then fonows from Lemma [7^ that 



(7.7) 
where 



Int(St: 



(VAr|(/)F|2 + tr6l|(^F|2) ad^Ji^du ^ h + h, 



h = -2 



Int(St) 



''F ■ VnF + (jNN(l)\F\^) adfi^du', 



tr6\(j)F\'^ adiijdu . 

/Int(St) 

Since the bootstrap assumption (BAl) implies 1/2 < a < 3/2, it is easy to see that 



Int(St) 



^F ■ VNFadn^du' 



<I|VjvF|U=(s,)II^1Il^(e. 



and 



'lnt(St) 

It follows from Lemma [LSI that 



St.u 



< 



UM 



/ / \F\^dn^du'. 



where r :— r(t, u'). From Proposition |9] it follows that rit, u') ^ u' — Um- Thus 



/ (pV N(t>\F\'^(^dfi-ydu' 
JlnUSt) 

\F\\HH^,)\\Fh^i^,) 



1 



1/2 



(u' — Um)du 



UM - U„ 

\ z / 

< \\F\\HHE,)\\F\\m,:,). 
We therefore obtain 

\h\<\\F\\Hl^sjF\\L^^^y 

In order to estimate the term I2, we recall that tr^^ = —atrx + S^^^kAB- Since the 
bootstrap assumption (BA2) implies |trx — 2/s| < Sq on each St^u' and Proposition 
[S] implies that s, — t and r are comparable, we have 



1^2! < (foT + 1) / / r-^\cj)F\^dii^du' + 

< / r-'\(|,F\^d^i^du' + \\kh3^^JF\\ls^^^y 



k\\(l)F\'^dijL^du' 



Recall that HfcHiSfSj-) < C from Lemma yl?2\ and apply Lemma 12731 to ||^'||2^3(j]j) we 
obtain 

|/2|<||F|iff.(5:,)||^^|U.(E.)+ / , / r-'\F\'dti^du'. 
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Now we use Lemma 17.31 again and note that Proposition [9] implies r{t, u') ^ < 
{u' ~ Um)^^, we have 



\ 1/2 

[u' - UmY^du' 

+ "M / 



/ , / r-'\Ffd^^^du' <\\F\\H^i^^)\\F\\L■H^,){ ^ 

< \\F\\mi^,)\\Fh-Hj:.y 

Therefore 

The proof of (|7.5p is complete. 

Applying (|7.7I) with |F| replaced by combined with Sobolev embedding, we 
can obtain (I7.6P in the similar fashion. □ 

As a consequence, we obtain 

Proposition 11. Let the bootstrap assumptions (BA1)-(BA3) hold on J\f~ {p,t) 
with Sqt < 1. Let St '■— J\f^{p, r) n T,t and let r he defined by ^4-^ - Let ttq denote 
the tensor — Vlogn. 

(a) Let TT denote either k , ttq or Dq \ogn, then for t{p) — t <t < tip) 

(7.8) Mlhs,) < C, 

(7.9) Wr-^'^L^is,) < C. 

(b) Let F denotes either n^^V^n or n^^S/h, then 

(7.10) \\F\\L^^f-(p^r))<C. 

(c) For ttq; there holds 

(7.11) ||VL7ro||L2(jv--(p,T)) + l|.C>o7ro||L2(J^-(p,r)) + \\'^'^o\\L^(Ar-{p,T)) < C 

Proof, (a) From Lemma l^^ Proposition[3]and Lemma lX^ it follows that ||7r||/f 1(5;^) < 
C. Thus (|7.8p follows from (|7.6I) in Proposition [TUl and (|7.9p follows from Lemma 

(b) For F = (n~^V^n, n^^Vri) it follows from Proposition [3l Proposition |4l 
Lemma 13.21 and Proposition [7] that 

W^FhiLliM,) < C and ||^^||l-l2(^^) < C. 

Applying (|7.5p to yields 

I-^IIl2(AA-(p,t)) ^ ll-P'llL;_ffi(A4.)ll-P'llLj=>=L2(_v(,) < C. 

(c) By straightforward calculation, symbolically we have 

DoTTo = —n^'^Vh + TT • ttq, 

Vttq = —n^^V'^n + n- ttq, 
Vltto = a^^'^n^^Vri — a^^'^VTro — a~^n ■ ttq. 

Therefore, (fTTTI) follows immediately from (TTSt and (TTTO)) . □ 
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8. Estimates on the null cones 

8.1. Structure equations on the null cones. In Section 4 we introduced the 
null pair i, L on the null cone M^{p,t) and define the null second fundamental 
forms Xj X ^^id the Ricci coefficients Q and C- For the null frame {eA)A=i,2, 63 — L, 
64 = L, there hold 

^aL = Xj^gCB + (aL, T>aL = xabgb - CaL, 

DlL = 2^^eA + 2wL, DlL = 2(^6^ - 2ujL, 

(8.1) ULL^2C^eA, DiL = 
and 

(8.2) Dbca = fsSA + ^XABGs + ^X^ge4, 

(8.3) T>4eA = f4eA + C^e4, 

DaCA = fs^^A + Caes + S.Ae4, 

where ^ denotes the covariant differentiation on St- 

Let a, /3, p and a be the null components of R defined in (|4.1ip . There hold the 
following structure equations on null cones (see [5, p. 351-360].) 

8.5) ^^^AB ^ trxXAB ^ OLAB, 

as 

8-6) ^Ca = -XabCb + XabCq - Pa, 

8.7) ^trx + ^trxtrx = 2 div C ~ X ' X + 2|C|' + 2p. 

Moreover, C verifies the following Hodge system 

•8) div C -/i - p + ^X • X - ICP - ^a^trx - aAtrx, 

.9) curie cr - ^X Ax, 

where and /i are the mass aspect functions defined by 

8.10) Ai--iD3trx+^(trx)'-wtrx, 

8.11) ^=D4trx+^trx-trx, 

8.12) a; = ^(Daloga + afcjvA' - a-TToAr). 

Let TV be the unit inward normal to St in Ef and let 9 be the second fundamental 
form of St, i.e. 9ab = AN,eB)- Then there hold 

8.13) VjveA^yjveA + a^^yAa^, 

8.14) VaN^Oabeb, 

8.15) "^BeA^I^BeA-OABN, 

8.16) VatTV = -a^iy^acA. 
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We introduce the new null pair L' := T + N, L' T ~ N. Then L = -a-^L' 
and L = —alJ. Let x' iX' X' be the Ricci coefficients corresponding to the null 
frame (e/i)^=i,2, 63 =lJ_,e\ = L' . Then 



X = -a X , X = -ax 
and 

(8.17) x'ab ^ ^AB - kAB, 

(8.18) x',^ = -OAB-kA 



B, 



(8.19) = ^^loga + eA, 

(8.20) -y^logn-e^, 

(8.21) i/= -y^logn + (5- A. 

8.2. Proof of Theorem 14.51 The main purpose of this subsection is to prove 
Theorem |43] concerning the boundedness of A/i [/] under the bootstrap assumptions 
(BA1)-(BA3) on A/'"(p, r) with < t < and E^t < 1 for any p G Mj, where f 
is defined by (14.141) and the Sobolev norm A/i [F] for any St tangent tensor field F 
is defined by (|4.12p . We can restate Theorem 14.51 in the following form, since the 
estimates for A are trivial. 

Proposition 12. Let f be the St tangent tensor field defined in ^.14\ l, and let 
n := (fc, — Vlogn). Then, under the bootstrap assumptions (BA1)-(BA4) with 
SqT £ 1; there hold 

(8.22) \\r-^nLH^-{p,r))<C, 

(8.23) \\ff\\mM-(p.r))<C, 

(8.24) \\fLnLHAr-ip.r))<C. 

We have obtained in Theorem 14.41 and (|7.11|) that 

(8.25) ll'S^7r|U2(c„) + ||VL7f|U2(c„) < C. 

In view of (|8.14l) . (|8.15p and (I5T|) . ((Ol) . we can symbohcally write 

(8.26) ^Tf + tr6i ■ ]f + ^ . ^ 
and also in view of ^ = — (art)^^, 

(8.27) fLf = \/Ln + f-C+{cin)-\ 

In order to show Proposition [121 we need three auxiliary lemmas. We will use 
the following norms for St tangent tensor fields F on null cones Af~ {p, r) 



§2 ter^ 



where Vt is defined by (|7.ip . and F^, w e denotes the portion of an incoming 
null geodesic initiating from p in the time slab [t{p) — T,t{p)]. In the following 
argument we will suppress TV" (p, r) in these norms for simplicity. 
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Lemma 8.1. For any St tangent tensor field F, there hold the estimates 
(8.28) \\r-^'^F\\LlLr + \\F\\LiLr <^^i[F], 



(8.29) 



\\F\\l.r, 



< 



i\\fLF\\L^ + \\r-'FU.)\\F\\ 



Proof. We refer to [7l [13] for the proof of (|8.28p . In the fohowing we will prove 
(|8.29p . Let vt be defined by (|7.ip . We first integrate along any past null geodesic 
initiating from p to get 



(8.30) 



/■t(p) ^ 

Vt\Ff^ lun MFf)- / -j-{vt^F\ 
t^t(p) dt' 



)dt' 



For the estimate of the first term on the right of (|8.30p . we proceed as follows. 
Let be a smooth cut-off function defined on [t{p) — T,t[p)\ verifying < iy9 < 1, 
(p(t(p)) = 1 and supp.^ C [t{p) - r/2,t(p)]. Then 



(8.31) 



lim Vt\F\^ 



t(p) 

t{p)-7 



Since |^</'| ^ {t{p) — i) ^, we have from Lemma [7?T] that \■^Lp\v^ < 1. Using 
< (/5 < 1, it then follows from (|Og)) and (jOTI) that 



(8.32) 
where 

Since 
we have 



\\F\\ 



i^LT=l sup {vt\F\^)<I + II, 

JS2 t(p)-T<t<t(p) 



rt{p) 
/S2 Jt(p)-^ 



dt 



{vt\F\') 



dt. 



II 



tip) 



§2 Jt(p)- 



v'Af\'. 



dt 



I<{\\vl^'fLFhiL^^+\\tTxvrFh.r.^] \\F\\^^^.\\vr\Fn^.^^. 



{vt\Ff) = -na {tvxvt\Ff + Avt\FffLF ■ F) 



1/2 



l/2|p|2| 



< 



ly^FlU. + lltrxFlU.) \\F\\l^^.\\F\\1,^^ 



By the bootstrap assumption (BA2) and Lemma [7. II we have 

2 



||trxF|| 



L2 



< 



trx 



T\\r-'F\\L2 + \\r-'F\\L2 



<{£oT + l)\\r-'F\\L2<\\r-'F\\L2. 

Therefore 

/ < iWfLFh^ + \\r-'FU.) 
It is easy to see that 

\n\ < \\F\\LiL^jF\\^^^.\\vl/'\F\^r.lLr < \\r-'FU4F\\L^L^J\F\\l,^^^ 
Combining the estimates for / and // with (|8.32p gives (|8.29p . 



□ 
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Lemma 8.2. For any St tangent tensor field F verifying 



.33) 



771 

fLF+^trxF = GF + H 



with TO > 1 an integer and G a tensor field of suitable type, if lmif.^f(^p^ r{t)"^F — 
and sup^g§2 na\G\^dt < Aq, the following estimates hold 



(8.34) 
(8.35) 



< 



\H\\ 



Proof. In what follows, we will use Lemma 17.11 to compare vj^"^ , r, s and t(p) — t 
if necessary. Since -^Vt = —uatTxvt, along any past null geodesic initiating from p 
we have 

j^ivr\F\') = -2navr{H + F ■ G,F) 

With the help of the limj_^4(p) r"|i^| = 0, it follows for t{p) - t <t< t{p) that 

rt{p) ft(p) 
= 2y nav'^{H + F- G,F) <2 J nav^,' {\F\\H\ + \F\^\G\) . 

By a simple argument we can derive 



l-t'l < exp 



t{p) 



\G\t 



tip) 



nav^, |ii|exp 



ftip) \ 
J na\G\jdt'. 



In view of sup„gs2 J^l^^_^na\G\''dt < Ag, we have expij^^"^ na\G\) < e^^°^"\ 
Thus by using Lemma 17.11 and to > 1 , we have 



\F\ <e 



/•t(p) 

v'^^^\H\nadt! 



(8.36) 



(t{p)-t\ 



t{p) 



r\H\dt'. 



To derive l|8.34p , we integrate the above inequality along a null geodesic initiating 
from vertex p. By the Hardy-Littlewood inequality 

1 



I/I 



< 



it follows that 



.1/2 



t{p) - t 



tip) 



r\H\ 



(8.37) < e^^°" \\rH\\L2. 

Integrating (|8.37p with respect to the angular variable cj G yields (|8.34p . 
Next we multiply (|8.36p by to obtain 



sup r'^\F\<e^^''^"^\\rH\ 



t(p)-T<t<t(p) 

which, by taking the norm, gives (|8.35p . 



□ 
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In view of ()8.5p and Lemma 1121 we are able to prove the following estimates for 

X- 

Lemma 8.3. For x there hold the estimates 

(8.38) llr-^xlU^ + \\r'/^x\\LlLr + II^lxIIl^ < C, 

(8.39) \\x\\LtLr<C£o^'- 
Proof. We will use the transport equation (|8.5I) . i.e. 

(8.40) ^LX + trxX^a. 

RecaU that rx — as i -> t{p), see [13]. Recall also that ||a||i2 < C, see Theorem 
14.41 It then follows from Lemma 18.21 that 

y/'xhiLr + IIxIIljl? < c. 

Next we use (|8.40p again to estimate H^lxIIl^. With the help of the bootstrap 
assumption (BA2) and the comparability of r, s and t(p) — t given in Lemma [731 
we have 

2 

trx-- lkx||L2i2 + llr^^xlU^ < C'. 

S J^rx, 

Thus, from (|O0l) it follows 

II^lxIU^ < lltrxxlU^ + < c. 

We therefore complete the proof of (|8.38p . 

By making use of (|8.29p and ()8.38p together with the bootstrap assumption 
(BA3) we obtain 



lltrxxll 



L2 



< 



IxhtLr < (WfLXh^ + \\r-'x\\L^ 



1/4 



□ 



which gives ([QO]) . 

Now we are ready to complete the proof of Proposition [T2l 

Proof of Provosition\l<ll We first prove (|8.22l) . Let |7f | := j-Tf |g. It is easy to check 

2 

^L(s"^|7rn + trxs"i|7f|2 = s-\trx ~ + s-^\Tf\l + 2s-^V ■ 7f. 

s ^ 

We integrate the above equation along the null cone Af~ {p, r) . By Lemma 17. 1[ it 
is easy to see Jg^ s~^|7fp as t ^ t{p). Therefore, by integration by parts we 
obtain 

/ ( s"^|7fp + s"^(trx - -)|7fp + 2s"^VL7f • 7f ) nad^^dt = / s~'^\tt\'^. 

J^f-{p,r) \ s J -/Skp) — 

By Lemma [TT] and (|7.9p in Proposition [TT] we have 



Stlp)-T 



< C. 



By (BA2), Lemma O and 



nas """(trx )\T:\'^d^^dt 

Ar-(p,T) s 



< CSqt < C. 
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By (|8^ we have 



A/'-(p,t) 



s "'^Vltt • irnad^-ydt 



Therefore 

(8.41) lis ^n\\i2 

which imphes ||s~"'^7f 11^2 < C. Consequently, in view of Lemma 17. 11 (j8.22p folfows. 
As a byproduct, we have from (BA2) and Lemma ET] that 

T\\s-^Tf\\L2 < C{1 + £ot) <C. 



•42) lltrx^lU^ < ||s-i^|U2 



2 

trx 

s 



Next we will show (|8.23p . we will use the equation ()8.26p . i.e. 

(8.43) ff^fTT + tre-f + e-f. 

Using 6ab = —axAB + kAB, we have from ()7.8p and (|8.39p that 

li^ • fh^ < Wfh^ (llfclU^ + IIxIIl^) < c [s',^' + l) < c. 

Since tr^ = -atrx + S^^kAB, we have from (TTS)) and (ISTi^ that 

\\tyOfh2L2<\\kU4f\\L^ + \\trxnL^<C. 

Consequently, in view of (|8.25p and (|8.43p . (|8.23p follows immediately. 

In view of ([OT]) and ([8?20| . (|8:24| follows immediately from ([8?25|) and dLH]). □ 

8.3. Estimates for Ricci coefRents. 

Lemma 8.4. For the Ricci coefficient ^ and the null lapse a there hold 

(8.44) WrkhlLr + \\r-\\\L^ + II^lCIU^ < C, 

(8.45) \\r"^floga\\LiLr + 11^-^^ log a||i2 + \\fLfioga\\L2 < C. 
Proof. From the transport equation (j8.6p we have 

(8.46) 



^LC+^trx-C = -X-C + X-C-/3- 



1 /2 I 

Since (BA3) implies ||xIIl°°l2 < £q with Sqt < 1, it follows from Lemma [8?2] and 
the relation x = X + 5trx7 that 

WrkhiLr + Ik^'CIU^ < m\L- + \\x ■ CWl- + lltrx • CIU= 

From Theorem 14.41 we have ||/3||l2 < C. Recall that ( = ^logn — e which is a 
combination of terms in By ()8.42p we have UtrxCIU^ < C Therefore 



r'^WlLlLr + \\r-'C\\L-^ < C {Sot + 1) + ||x • C|| 



L2. 



In view of (|7.8p in Proposition [TTl ()8.39p in Lemma l873l and Eqt < 1, we have 

hkhlL^ + \\r-'C\\L^ < C + T^^'mLtL^Kh^Lt < c. 

Consequently, it follows from dH^S]), (BA2) and (BA3) that WfLCh^ < C. We 
thus obtain (|04|) . 

In order to show (|8.45p . we use the relation Q = 'i/loga + e. By Proposition [121 

WrkUiLr + + \\1^l4l- < c. 
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Thus, the estimates for ^loga foUows. □ 

Lemma 8.5. For the fi defined by US. 11]) there holds < C on J\f^{p,T). 

Proof. RecaU that by ((57)) . ^ = 2divC - X ' X + 2|CP + 2p. We have from Theorem 
14.41 Proposition [TT] and Theorem 14.51 that 

Ml- < WfCh- + Wah + Ml- + \\x- xWl- <C+\\x- xWl-- 
RecaU also the relation x' = ~x'~ 277, we have from (|8.39p and PropositionlTllthat 

ML-<C+\\x\\L^{\\x\\L^ + mL^)<C. 

The proof is thus complete. □ 

In the following we summarize the estimates obtained so far in this section. 

Proposition 13. There exists universal constants 6q > and C, > such that, 
under the bootstrap assumptions (BA1)-(BA3) with £qt < I, if t < min{i*,(5o} 
then there hold 

(8.47) ||r-^7r|U.(s,,„) < C, 

(8-48) Mlhs.,.) < C, 

(8.49) M[/](p,r)<C, 

(8.50) \\n-^\7^ji,n-^\7h\\L2 <C, 

(8.51) \\rHx,T^,C,floga,9)\\L2Lr<C, 

(8.52) l|(x,^,C,yioga,^)IL2i2 <C, 

(8.53) \\fLix,C,f^oga,9)\\L2<C, 

where {n~^dt\ogn,Tt). 

The above estimates provide the intermediate steps toward the proof of Theorem 
14.61 The complete proof however requires more estimates on x, C, and C as follows. 
Since the arguments are rather lengthy, we will report them in fl4l. 

Proposition 14. There exists universal constants Sq > and C, > such that, 
under the bootstrap assumptions (BA1)-(BA4) with Sqt < 1, if t < min{z*,5o} 
then there hold 



..54) 



2 

trx 

s 



(8.55) iixIIl~l? + iiciIl^l? <a, 

(8.56) IWh^L- + KWl^l- < a, 

(8.57) AAi[x,C,yioga,^](p,r) <a, 

(8.58) \\rHftrx,^^)\\LlLr + \\{ftrx,fi)\\L- < a, 
on the null cone J\f^ {p, r) for all p £ Aij. 

The estimates in Proposition [13] and Proposition [14] gives Theorem 14.61 Thus, 
we may use a bootstrap argument, as explained in Section 4, to conclude that all 
the estimates in the above two propositions hold on the null cones A/"" {p, r) for all 
p e Ail with r = min{i*, 5*} for some universal constant (5* > 0. 
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We conclude this section with an application to estimate ||ieII2^2^2 (jj^^j-^^ j-j, 
where, for any E tangent tensor F, 



I I r' ^\F\ladn.ydu' 



(Int5t,„) 
with = r{t, u'). 

Proposition 15. For tt_= log n, tt), there holds 

(8-59) MLlLlilntis.^^)) < C- 

Proof. From ([83), (|8?T0| . (I8TT2)) and (gH), we can derive 



1 



1 



(8.60) ^ATtrx' + -(trx')' = -T^^trx' + 2\trx' - x'ix + 7?) - ( divC + |C|' + p), 



2' ' 2 
which, multiplied by |7r| :— |7r|g, implies 

1 



Viv(trx'k|/) +tr0(trx'|7r|^) - ^|trx'7r|2 



= I - 2 -^trx' - x'ix' + ry) - ( div C + Id' + P) I tl' + 2trx' Vjv^ • n, 
In view of Lemma 17.21 integrating the above equation over Int(S't,u) gives 

^ f I [tyx'?\^?cid^i^du' 

-2VAr7r • trxV + p|7rp) adfi^du' 



trx'kP- 



(8.61) 



Q<5trx' + ICP + X'(X' + V)^ \7Lfad^l^du' 
I I -C ■fi\E\'^a)dfi.ydu' 



By (BA2), Lemma O and (fT^ . 



< < c. 



By Lemma [2?2l Proposition [3] and (|3.16p . 



nV MIL ■ trx' K'^dfiydu' 



< 



l|VAr7r||i2(S()||trx'7r||i2(Sj) < C||trx'7r||i2(S() 



and 



5trx'|7r| adfi^du' 



u,r, J St, 



< 



l|fc||LS(E0lNli«(E,) + INli3(Int(S.,„)) 



<(l|Vfc||L^(S,) + ll2LiUi(S,))|kliffi(S,) 

< c. 
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By Lemma O and (fTS]) . 



By ((8?T9)) we have 



p\n\'^adiifdu' 



< 



Cf{a\Tr\^)dfi.ydu' = if \oga\Tr\^C + f\2L\^0adti^du' 

<li ^ 

+ r f {\C\'\K\' + \C\\lL\')ad^^,du'. 

In view of Lemma I2.2[ Proposition [3] and f|3.16p we derive 

ll^^liL^(Int(S.,„)) < I|V^||l^(s.) < C, 
while in view of ((5371) . and ((7^ we have 

sup ||C1IlMs,,„,) < C', sup ||7r||i4(5^^^,) < C. 

Um<.u' <.U ' U„-^<.u' <U 

Consequently, 

(ICl'kl' + \C\\tl?) adfi^du' < sup (||Clli4(5,„,)ll^lli^(s, „,)) (" - 

(llciiL^(s,,„,)iNiiMs,.„,)) ("-"™) 

< C{u - u,„). 

Therefore, we obtain 

/ / Cf{a\TL\l)dfi^du' < C(l + (u-«„)i/2)(y_u„)i/2, 

In view of (|8.57p . (|8.28p and (|7.8p . by a similar argument we obtain 



r f 

■u,„ JS 



sup 

Um <U' <U 



< 



i\K\'{\x\' + K\') + \x\■\lL\')d^^,du' 



< C{u - Um) 

Combining all the above estimates with (j8.6ip and noting that u — Um ^5 ^ li it 
yields 

l|trx^lli.(Int(s,.„)) ^ ^ + ^l|t^^2Llli2(int(s,„)) 

which implies ||i^X2llli2(-jjj^^;(5^ -^-^ < C. This together with (BA2) implies the 
desired inequality. □ 
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9. Proof of Theorem mi] 

In this section we will complete the proof of Theorem 14.71 For any p G let 
^{t) be the integral curve of T through p with — p. For each pt :~ 

we will represent k{pt) in terms of a KirchofF-Sobolev formula over a past null cone 
with vertex pt- We then use the estimates established in the previous section to 
obtain J^p-I_^ \k{^{t))\'^ndt < C for some universal constant C. 

9.1. Derivation of KirchofF Parametrix. We first revisit the formulation of 
KirchofF Parametrix in [ini . We define A to be a tangent 2-tensor verifying 

(9.1) (DlA),j + itrxA.j = on M'{p, r), lim {t{p) ~ t)K^ = J^, 

where J € Tp'S^p-^ and \J\g = 1. This A is similar to the one defined in [T2] but 
with the modification that A is Et tangent. Since we have obtained in Propositions 
[T51 and rHl the estimates on 

, ll^trxIlL^, WrHtrxhlLr, lk"'(C + OIIl^, WZ^^Xh^L-, nP,r) 

on the null cone J\f~{p, t), we may adapt the proof in [12^ to obtain the following 
estimates on A. 

Proposition 16. For the tensor A defined by i9.1]) there hold 

(9.2) ||yA||i2(^-(p^^)) + ||r^yA||i2ioo(^-(p_^)) + ||rA||ioc,(^-(p_^)) < C, 

where C is a universal constant. 

Now we revisit the Kirchoff-Sobolev formula for any Et tangent 2-tensor '^j, 
I = {/i, I'}, see [inillS]. According to the definition of n^/, we have under the null 
frame {eA)A=i.2, 63 = L, 64 = L that 

By dH]), 

(9.3) D43*/ = D4(D3*)/ - 2C^Da*,. 

It is easy to see 

034^-/ - D43*/ = R^"34*aL. + R^"34*M«- 

By dOl), we obtain 

(5^^Das*/ = S'^^fAfs-^i - ^trxD4*/ - itrxD3*/. 

Therefore 

n^i = -D4(D3*)/ + 2C^Da*/ - ^trxD4*/ - ^trxDg*/ 
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We multiply the above equation by A/ and integrate over N~ {p, r) to obtain 



JN-(p,t) Jj\f-{p,T} ^ 



(9.4) 
where 



For Si, integrating by parts gives 



/ ("-04(03*)/ • A^ - itrxDg*/ • A^ 

-\ [ trxD4^'/- A^. 

^ JN-{p,t) 



Si = / f -D4(D3*)/ • A^ - trxDa^-/ • A^ + Uix'^z^ i ' AM 

Jn-(p,r) \ ^ J 

= -/ D3^'/-A^+ lim / D3*/-A^ 
+ [ (B4A' + ^trxA') ■ D3*/ 

JM-(p.t) \ ^ / 

Since linit^t(p)(<(p) — t)^A = 0, we have in view of (|9.ip that 



■=1 — 



/ D3*/-A^+ / l]i(*), 

JStlr,,-^ J^-{P:r) 



5t(p)-T 

where 

f}i(4') = D4A* • D3*o» + D4A* • D3*.o. 
For the term S2, in view of (|9.ip and the fact that 5* is tangent, we first have 

-itrxD4^'/ • A^ = -i (d4(*/ • A^trx) - D4A^ • trx • - D4trx • • A^ 



= -i m4(*/ • A^trx) + itrxtrxA^ • - D4trx • */ ■ AM , 



thus integration by parts yields 



S2 = / A^ • - M / • A^trx - lim / • A^trx ) 

J^-(p.r)^- ^\Js,^,^.^ - t^tip)Js, -J 

where is defined in ()8.1ip . 

In view of trx' = — trx' — 2S^^kAB: we have 

lim - / • A^trx = -47rn(p)(*, J), 

Hence 

52=/ A^trx-47rn(p)(*, J). 
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Therefore we derive 



(9.5) 



]- f (R,"34*aj +Rj"34*.a)A*^". 



We apply (|9.5I) to the tensor field = fc and obtain 

Theorem 9.1. Let p E Mi, let ^{t) he the integral curve of T through p with 
^{t{p)) ^ p, andletpt = ^(t). Let A be a tangent 2-tensor on J ^ (jp,t) verifying 
h9.1\] on each null cone Cu '■= ■^f~ipt, t — t(p) + r), where u — u{t) = J^^ n|$(it for 
tm '■= t{p) — T < t < t{p). Then there holds 



(9.6) A^n{pt){k{pt), J) = L{pt) + J{pt) + K{pt) + L{pt) + (£(pt) + / ^^{k), 
where 

L{pt) = - / A • Dfc, 
Jc,. 



J{vt) = -\ f A.R(.,.,L,L)-fc, 
K{pt)=^ I (^-f^A-fBk + 2C''-fBk-A 
L{pt) = ^ /" M • fc, 
€(pO = - ^ (^Dafc • A + Urxk ■ A^ . 

9.2. Main estimates. In the following we will use the representation formula given 
in Theorem 19. II to show that 

*(p) 

\k{pt)\'^ndt < C 

t{p)-T 

for some universal constant C. We proceed as follows. 

• Estimate on L[pt): We will use the expression of Dfc given in Proposition |8l 
which symbolically can be written as 

□ fc -n^^nV^n + n^^V^h + tt ■ n ■ n + k ■ V^n + k ■ Ric + tt ■ Vfc - n^^k. 
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It then follows from Proposition [T6l that 



\IiPt)\ < [ {\h\7^n\ + \\7^n\ + \n\^ + \k\\V^n\ + \k\\Ric\ + |^||Vfc| + |fc|) 



/C 

+ lk"'fc||L2(c„)l|V2n||i2(c„) + ||ffic||i2(c„)||r-i/c||i2(c„) 
+ lk"''r|lL^(c„)l|Vfc||L2(c„) + ||r-ifc|Ui(c„). 
Therefore, with the help of Proposition [TT] and Proposition [121 we have 

\I{pt)\ < lk-in|U2(c„) + ||r-iV2n|U.(c„) + / r-^\A' 

+ \\Ric\\L^c^) + \\Wk\\mc^) + C. 

Now we consider j^''^'^ \I{pt)\'^dt. Using ^ — n, we have from Proposition [TSl 
that 

t{p) Mt{p)) 



/ / 7'^^\h\^nadfi^dt'du 

t(p) ru{t(p)) p 

I I r^'^\n\'^nad^-ydudt' 

tip) 



< Ct. 

By similar argument, we have from Lemma 12.21 that 
rt(p) 



By using the Minkowski inequality and Proposition [7] we have 

1/2 



(ll^*c||i2(c„) + W^kWncS) r^dt < Ct. 
"herefore 

ftip) ft(p) l-t(p) / p \ 2 

j \I{pt)\^ndt<CT + J \\r-'^V^n\\l^^c^^ndt + J r-'^\Tr\^j ndt. 

the Minkowski inequality ani 

/ ftip) \ - 

\\r-'V'h\\l,^c^^ndt\ 

9 \ 1/2 

Mt{p)) / .tMM y ^ 

J ^ ^ l^J r-^\\anV^h\\LHS,,^jdt' j du 

\ 1/2 



< 



< 



"(*') 
t(p) 

II V'n|U2(j„t(s^,^^^j^^j))di' < c. 
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Finally, we have from Proposition [TT] and (|8.22|) that 

ftM{u) 



r |7r 



Thus, by Lemma 1 7. II we obtain 

rtip) 



rHP) ( r \ ^ 



Combining the above estimates we therefore obtain 

rt(p) 



y |/(pt)pndi < C + Cr^ < C. 



/t 

• Estimate on J{pt): It follows from Proposition 1161 Theorem 14.41 and Proposi- 
tion [12] that 

\J{pt)\ < ||rA|U^(c.„)||r-l/c|U2(c„)7^(pt,T + <-^(p)) < C. 

Thus 

tip) 

\J(pt)\''ndt < C{t{p) - t^) <Ct<C. 

• Estimate on K{pt): It follows from the Holder inequality that 

\K{pt)\ < WfAWmcJlfkhHc^^ + \\rAh^f^cJ\r-\\\LHcJ\fk\\LHc^)- 

Thus, we obtain from PropositionlTGl Theorem l4.41 and Proposition[T2]that \K{pt)\ < 
C which gives 

ft(p) 

\K{pt)\^ndt < C{t{p) - t„0 <Ct<C. 

• Estimate on L{pt): It follows from Proposition 1161 and Proposition 1121 that 

\L{pt)\ < lkA||ioo(c„)||r-^7f||i2(c^)[|^||i2(c„) < 
From Lemma 15751 we then obtain \L{pt)\ < C. Therefore 

rt{p) 

\L{pt)\^ndt < C[t{p) - t„,) <Ct<C. 

• Estimate on <B{pt): We first have from Proposition 1161 that 

<^"iD3fc||LMs*„,„) +^"itrxfc|Ui(s,,„,„). 
Using the definition of r we then obtain 

\€ipt)\ < \\B:ik\\ms,,„,^)+r-^\\tTxk\\LHS,„^,^)- 

Recall 

trx' - -trx' - 2<5^^fc^B. 
Since (BAl) implies 1/2 < a < 3/2. Thus, with the help of (BA2), it yields 

2 

l|trxA:||Li(s,„^ J 



< 



trx 

s 



i°=(C„) 
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Consequently 

Therefore, using ^ = n, we have 
rt(p) Mtip)) 



/ \'^ipt)\'dt< / mpt)fdu 

Jtrr, Ju(t„) 



It follows from Lemma 12.21 and Proposition [12] that 
/•t(p) 

\^iPt)\'dt<\\D,k\\l,^^^^^+C. 

Recall that L = -a(T - TV). So D3A: = -a(Dofc - VjvA:). Recall also that Dofc = 
-n-^V^n + Ric+ kTrk. Thus 

I|D3A:||l^(e,„) < ||V2n|U2(s,^) + ||i?ic|U2(s,,,j + l|A:||i4(s,^) + || Vfc|U2(s,„). 

It follows from Lemma [2.21 and Proposition [3| that ||D3/c||^2(5]j j < C. Therefore 

rt(p) 

|(£(pt)l'«rfi <C'. 



• Estimate on fli{k): By straightforward calculation we have r2i(fc) = A ■ 
7f • 7f ■ 7f. It follows from Proposition [TBI that 



< 



Therefore, one can use the similar argument in the estimate of I{pt) to get 



Hp) r^p) 



\ni{k)fndt 



< 



2 



Til 



< Ct^ < C. 



10. Proof of main theorem I 



In this section, based on Theorem 11.21 we will follow the idea in [12] to give 
the proof of Theorem 11.11 According to the local existence theorem given in [121 
Proposition 6.1], see also [S] Theorem 10.2.1], it suffices to show that the quantity 

(10.1) := ||ffic||ff2(s,) + ||fc||H3(s,) 

on each slice with < t < t^ is uniformly bounded. 

Since (M, g) is a vacuum space-time, by virtue of the Bianchi identity R verifies 
a wave equation of the form 

(10.2) DR^R^R, 

Based on higher energy estimates it is standard to show that 

(10.3) i|DR(<)||i. < ||DR(ti)lli. + f \m')\\l^dt' 
and 



(10.4) 



|D2R(t)||i. < \\D'Rit,)\\% + f \\T>n{t')\\U\m')\\l^dt' 

Jti 
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for all to < ti < t < t^c. The derivation has been given in |12j under the assumption 
(|1.9p . the argument however depends only on the condition (Al). 

Thus, the derivation of the L°° bound of R is a crucial step. As in [TUl one can 
represent R(p), for each p G by a Kirchoff-Sobolev formula over the null cone 
TV^ (p, t), where r > is a universal constant such that t) > t whose existence 
is guaranteed by Theorem 11.21 One can then follow the delicate argument in [12] 
to derive that 

(10.5) ||R(t)|U=e <r-i sup (||R(i')||L2 + ||DR(0||L^ + ||D2R(t')|U2). 

t'G[t-2T,i-T/2] 

The derivation of (|10.5p requires the estimates on 

2 



7^(p, r), 



trx 



> \\X,'^,CX\\L^L^^{^f-(p.T)), 
L--{Ar-{p.T)) 



IIa^, V'trx||L2(A/--(p,T)), \\r^^^9trx\\LlL^i^f-(p,r)), Ik ^{C + C)\\L^^r-{p,r)) 

which are provided by Proposition[T3land PropositionfMl under the condition (Al). 
Combining the estimates ()10.3p - (|10.5p gives 

\mt)\\H-<r-' sup \mt')\\H^- 

t'e[t~-T.t-T/2] 

Iterating this estimate as many times as needed, in steps of size r/2, yields 

(10.6) sup ||R(t)||i/2 < C, 

where C is a positive constant depending only on Qq, /Co, |5^o|: t*, lo and the initial 
data ||R(io)||//2. 

Now we are ready to show that the quantity TZ^, defined by (jlO.ll) is uniformly 
bounded for all tg < i < i*. Although the argument is standard, we will include 
the details for completeness. 

We have defined in (j2.5p the electric and magnetic parts E, H of the curvature 
tensor R. It is known that 

(10.7) ^ i^jm ^ j^im — ^ij ^Irri: 

(10.8) ~ hak""' + Trfc % = E,j . 
From Lemma 12.11 and Lemma 12.21 it follows that 

(10.9) \\Ric\\L2 + \\k\\Hi + \\EU2 + \\H\\l2 < C, 

where and in the following all the norms are taken over a fixed slice which is 
suppressed for simplicity. 

In order to obtain the derivative estimates, by straightforward calculation we 
have symbolically 

(10.10) V„,E,j = D,„Ro.oj -k-H, 

(10.11) V„,i7y = D„/Ro,oj ~k-E, 

(10.12) W'^^Eij — D^„„RoiOj — fcmriDoR-OiOj - V(/c • H), 

(10.13) V^j^^Hij = D^„*RoiOj — fc)nnDo*R-ojOi ^ V(A; • E). 
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From (|10.10|) and (jlO.lip it follows that 

\\S/E\\l2 < ||DR|U2 + ||fc|U6||if|U3 

IIVFIU2 < ||DR|U. + ||fc|Ua|tii;|U3 

Applying Lemma [231 to H-EHl^ and ||i?||i3, and using (|10.6p and (|10.9p . we obtain 

llvi^lU. + ||vi/iu. <c + c{\\yEt^,' + livi/ii^/') 

which implies 

(10.14) \\VE\\l2 + \\VH\\l2 <C. 

Next we will derive the estimate for ||V^fc||i2. It follows from divfc — and 
(110.71) that Afc = Ric ■ k + VH. Differentiating it and commuting V with A gives 

AVfc = Ric ■ Vfc + VRic ■ k + V'^H 

which together with ()10.8p implies 

(10.15) AVfc = k- k- Vk + E -Vk + VE ■k + V^H. 
Multiplying (|10.15l) by Vfc and integrating over Sf yields 

/ |V^fc|^</ (IfcplVfcp + l-BllVfcp + |V£;||fc||Vfc| + |ViJ||V2fc|) 

< llfclliellVfcllis + ||ii;|Ue||Vfc|ii,./. + ||Vi?|U.||Vfc|U3||fc|Ue 

+ ||vi/|U2||v2fc|u.. 

With the help of Lemma [231 (fTOJ| and (110.141) . we have 

liv^fciii. <c(||v2fc|u. + ||v^fc|li/') 

which implies ||V^fc||i2 < C. By the Sobolev embedding we obtain 

(10.16) llfclli- + llfcllff^ < C. 

Using (fTITTBl) and ([TH^ . it follows easily from (fTITSI . and (fTimi) that 

\\VRic\\l2 + \\V'^Ric\\L2 + \\V^E\\l2 + \\V'^H\\l2 < C. 

Finally we derive the estimate on ||V'^fc||i2. By differentiating (|10.15p . commut- 
ing V with A and using (|10.8p we obtain 

AV^fc = fc • fc • V^fc + k-Vk-Vk + E- \7^k + \7E-Vk + V^E ■ k + V^H. 

Multiplying this equation by V^fc and integrating over Ei it follows 

/ |v^fc|'< / (|fcnv'fcp + |fc||vfcnv'fc| + |i;||v2fcp + |v£;||vfc||v2fc|) 
+ / (|fc||v2i;||v2fc| + iv^iJiiv^fcl) 

J St 

< \\k\\U\v'k\\l. + ||fc|U»||vfc||i.||v2fc|U. + l|i?llL~l|v^fc||i. 

+ ||Vi?||i4||Vfc|U4||V2fc||i2 + \\k\\L^\\V^E\\L2\\V^k\\L2 

+ ||V2i/|U2||v3fcl|i2 

< C + C|iV3fc||i2. 

Therefore ||V^fc||i2 < C. The proof is thus complete. 
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11. Appendix 

In this appendix we give the proof of Lemma l7.3l It suffices to consider the case 
that F is an arbitrary smooth function on St. 

On Int5f — ^u„^(t)<u<UM{t)St,u, we have the family of diffeomorphisms 

'i>u,t ■■ St.u, "SuA^) = G<^>^t^f(u)){t,(^), 

where Q is defined in ()1.13p . Relative to this radial foliation, the metric g on 
IntS't^Mj,,^ can be written as 

a^du^ + ■'jABdujAduJB, 

where 7 is the restriction of g on St.u- By Lcmma lT.ll 75^ „ ~ r(t, u)^7s2 . Moreover, 
F{x), X G St.m can be reparametrized by 

F{x) = F{u,uj) :^ Fo^^A^), uj £ E,^ . 

Due to Lemma [TTT] and (|7.4p . for a scalar function /, 

(11-1) ll/lli2(S.,„)«£l/l'("-"m)'rfMS- 

For a fixed leaf St.uo with Um{t) < uq < UM{t) and any x £ »S't,iioj F{x) = 
F[uf),ijj) with cj G we define with u,-n '■= u„i{t) 



m{x) := / F{—z + uo,(jj)dz 

uo - u,n Jo 

G{x) :=m{x) - F{x). 

Lemma 17.31 can be proved by establishing the following estimates 

(11-2) < ||VF|U.(s,) 

(11-3) r-'^'\\m\\ms.^..,) < \\F\\mi^.)^ 

where r = r(t, uq). 

To see (|11.2p . according to definition, we have 

(11.4) G(a;) = / / —F{uo - iz,uj)dedz. 



Uo - u„i Jo Jo dl 

It is easy to see 

^„F{uo ~ iz,uj) ^ -z ■ duF{uo - iz, to), 
dt 

In view of (BAl) and N = —a^^du, it follows that 



(11.5) 



■^F{uq - iz,uj) 



< z\VnF\{uo -£z,uj). 



Since < z < ^""^ , we have from (|7.4p that z < r', where r' = r{t,UQ - £z). 
Thus, by combining (|11.4p with (|11.5p and setting v{y) := \\r'VF{-y + uq, •) it 
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yields 







< / / v{y)dyd£ 

Jo Jo 

<r-i/2y J ^ r^dlv{y)dy 



< {uo - Ujn) W In ( ^° - 1 v{y)dy. 



22/ 



By Holder inequality, 



r 



''/'l|G|U.(5,„„)< (Inafda) n ^ Hy)\^dy 



1/2 



^ l|V^^IL.(Int5,„„)- 
This proves pT^ . Using ([7^ . with r" := r(i,uo - z) « mq 

„/'l/3 



By Sobolev embedding, ()11.3p follows. 
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